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Misapplications and generalisations of nucleation theorems
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Abstract

Nucleation is the general mechanism of first-order phase transitions, for
example the formation of the first liquid-like clusters in the on-set of con-
densation from vapour. In Earth’s atmosphere, nucleation processes are
assumed to cause observed new particle formation, while liquid–solid
nucleation initiates the freezing of cloud droplets. As atmospheric aerosol
particles affect Earth’s radiative balance both via direct scattering of radi-
ation and acting as cloud condensation nuclei, changes in the new particle
formation rate can have a direct effect on climate.

Nucleation theorems are relations describing how the nucleation rate—
or the nucleation work—depends on environmental conditions: super-
saturation, temperature, . . . The first nucleation theorem describes how
the nucleation rate depends on the saturation ratio of precursor(s), and
under certain assumptions this dependence results in the number of mo-
lecules in the critical cluster that forms the bottleneck for the nucleation
process. Such results have been extensively used to identify the molecular-
level mechanism of nucleation, when applied to both laboratory and field
measurements. However, it turns out that the often implicit assumptions
required for this identification break down in the real world non-ideal
conditions: In this thesis, I have reviewed the existing work suggesting
corrections or amendments to nucleation theorems to overcome these ef-
fects. Furthermore, I have extended the previous treatments of nucleation
in the presence of cluster losses to produce an explicit form of the first
nucleation theorem under such conditions. Overview of studies applying
the first nucleation theorem to atmospheric measurements now suggests
that in general it is not possible to apply nucleation theorems to infer the
mechanism of atmospheric new particle formation.



In a more general level, the science philosophical implications of nucle-
ation theorems are profound, as nucleation theorems seem to provide a
direct molecular insight based on macroscopic observations. Taking into
account the overlooked assumptions needed for the application of nucle-
ation theorems provide a less positivistic interpretation.
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MSC: 80A99, 82B26, 30B70
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So then physicists will replace the models with newer mathem-
atical models because mathematical terms can be stretch to fit
any data. And then physicists will end up saying that “because
we can’t observe it, we can’t measure it. So the position might
be this and the energy is probably that.”

– attributed to Ernst Mach by anonymous1

1This quote can be found from the internet, though its origins are questionable. Al-
though most likely not Mach, the author of this statement has certainly taken some stylistic
influences from his work, [e.g. E. Mach. Die Leitgedanken meiner naturwissenschaft-
lichen Erkenntnislehre und ihre Aufnahme durch die Zeitgenossen. Scientia 7 (1910),
225–240]. And though the obvious reference is made to quantum mechanics, it is at least
an equally apt notion when concerning nucleation (theorems).
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Nomenclature

Functions, variables and operators
A surface area

surface area density (Chap. 5)
A, B non-linear fitting parameters for (D , t) (Chap. 4)

canonical nominator and denominator (Appendix)
a , b linear fitting parameters for (D , t) (Chap. 4)

continued fraction elements (Chap. 5, Appendix)
a mass accommodation coefficient
α evaporation rate coefficient
B second virial coefficient (Chap. 3)

disk in C2 (Appendix)
B rate coefficient matrix
β condensation/coagulation rate coefficient
C constant of integration

CoagS coagulation sink
CS condensation sink
Ĉ Riemann sphere
c normalised loss rate coefficient (Chap. 5)

(molecular) specific heat
D diffusion coefficient

displacement barrier height (Chap. 4)
∆ (generalised) difference
δ Kronecker delta function
E (activation) energy
ǫ remainder in the first nucleation theorem (

∑
i ǫi � 1)

Φ grand potential
f actual concentration, an arbitrary function
φ potential energy
G Gibbs free energy, a large integer

domain in Ĉ2 (Appendix)
g number of molecules

a C2 → C2 function (Appendix)
γ surface tension
H enthalpy
h molecular enthalpy
η entropy

I , J sets of integers smaller than some N (Appendix)
J net formation rate, nucleation rate
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Functions, variables and operators (cont.)
J net formation rate vector
K kinetic prefactor, equilibrium constant
k number of molecules (Chap. 6)

reaction-rate coefficient
L loss rate, dimensionless loss parameter
λ ratio of heat carried by vapour and carrier gas molecules
M number of molecular species
m mass
µ chemical potential

dipole moment (Chap. 4)
µN “chemical potential” of replicas
N number of molecules (Chaps. 2 and 3)

number of data points (Chap. 4)
aerosol number concentration (Chap. 6)

N, ℓ, n integers (N ≥ ℓ ≥ n; Appendix)
N number of replicas
n constrained equilibrium concentration

amount of molecules
P nucleation exponent (Chaps. 1, 3, and 6)

total pressure (Chap. 3)
probability (Chap. 3)
normalised 1/pg distribution (Chap. 5)
induction step (Appendix)

p forward rate coefficient matrix
p pressure

normalised forward rate coefficient (Chap. 5)
Q cumulative of P (Chap. 5)

excess latent heat (Chap. 3)
canonical partition function (Chap. 3)

q loss rate coefficient
R radius
r position vector
ρ density
S saturation ratio
σ scattering cross section

Lennard-Jones size parameter
T temperature
t time

reduced temperature (Chap. 4)
U internal energy
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Functions, variables and operators (cont.)
U normalised concentration vector
u normalised concentration
V volume
v molecular volume

W work of formation
X Hill free energy (� −kBT lnΥ)
Ξ grand canonical partition function
Υ great grand canonical partition function
y (gas phase) mole fraction
Z Zel’dovich factor

z , ζ complex number
Ψ,Ω open domain in Ĉ (Appendix)
Ω surface entropy parameter (Chap. 4)
ω acentric factor
1 unit vector
〈·〉 ensemble average

Super- and subscripts
∗ at (thermodynamic) critical size
− at kinetic critical size

complex conjugate (Appendix)
∧ at ostensible critical size (Chap. 5)

normalised (Chap. 3)
∼ at apparent critical size

extended (for U)
1, 2, . . . number of molecules

projection to a given coordinate (Appendix)
app apparent
B Boyle (temperature)

CNT classical nucleation theory
c critical (temperature)
d droplet

diameter of the cluster as in J1.5, which denotes
the formation rate of 1.5 nm clusters

E equimolecular dividing surface
e equilibrium (vapour pressure)
G Szilárd limit
g (inert) carrier gas

g , k size of the cluster
ICT internally consistent theory



v

Super- and subscripts (cont.)
i ,m type of the molecule
id ideal

NPF new particle formation
p pore
S scavenged (Chap. 5)

surface of tension (Chap. 2)
SC simple correction
sm statistical mechanic
t total

td thermodynamic
v vapour
→ extend of composition
0 initial
∞ limiting value (Appendix)

plane surface
+ forward
− backward

Constant
kB Boltzmann constant
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1 Introduction

Nunc id vides, nunc ne vides.

– motto of the Unseen University

This thesis is about nucleation theorems. Especially, this work concentrates
on the applicability of nucleation theorems into non-ideal (in wide sense)
cases of nucleation of liquid droplets—or solid particles, the difference is
anyhow often ambiguous for the smallest clusters—from vapour.1 Such
nucleation processes are encountered in various systems, including, for
example, formation of new aerosol particles in planetary atmospheres [12,
13] and nanomaterial production [14, 15]. To discuss nucleation theorems,
one needs first to define nucleation, which is the process of first-order
phase transformations, where a metastable state relaxes by lowering its
chemical potential in a process, where the first derivatives of the suitable
free energy become discontinuous and can be used as order parameters

1This choice of model system is dictated by the tradition of nucleation studies and—to
a greater extent—by the background research on atmospheric aerosols and atmospheric
new particle formation. Would this thesis be written in different circumstances, the res-
ults and general conclusions could have retained similar form, but the applications would
have been different: Examples of other important nucleation processes include liquid–
vapour nucleation or cavitation, relevant for biological systems [1, 2], brewing of beer
[3], and vulcanology [4]; extensions of nucleation theorems into cavitation problems have
been discussed in Refs. [5] and [6]. Liquid–solid nucleation or crystallisation is perhaps
the oldest known example of a phase transition, with first quantitative studies dating
back to Fahrenheit [7]; again, nucleation theorems have found wide use in studies of
crystallisation [e.g. 8, 9]—the original application of the first nucleation theorem [10]. Be-
sides crystallisation, some proteins can also undergo phase transitions between different
conformers that gives, for example, a molecular basis of several diseases, and nucleation
theorems have also been applied for such systems with a variable success, one interesting
example being an application to the onset of sickle-cell disease [11].

1



2 1. INTRODUCTION

for this process. This process, however, requires a creation of an interface
between old, metastable and new, stable (at least less metastable than the
old one) phases, which comes with an energetic cost, rendering the process
to proceed at finite rate. In our special case, molecules in supersaturated
vapour can minimize the free energy of the system forming a liquid phase.
To achieve this, random fluctuations in vapour are required to form a
large enough aggregate, a critical cluster, that the energetic cost for the
creation of an interface can be compensated by the decrease of free energy
due to condensation. This stochastic process is known as (homogeneous)
nucleation, and its finite rate explains the relative ubiquity of metastable
states in our environment. However, in the vicinity of gradients of external
fields, such as the dispersion forces accompanying a solid surface or the
gradient of the electric potential of an ion, the energetic cost related to
the creation of the interface can be alleviated by decrease of the potential
energy of molecules in this field, resulting in an enhanced probability for
nucleation. This heterogeneous (or ion-induced) nucleation explains, why
supersaturation with respect to liquid water seldom exceeds few percent
in the atmosphere.

Although the air in which we live is usually said to consist of main gasses—
nitrogen and oxygen—together with various trace gasses, such as water va-
pour, argon, carbon dioxide, etc., it is actually an aerosol. That is, there are
myriad particles, both liquid and solid, embedded in the air that we breath.
The size range of these particles varies from clusters of few molecules to
dust grains visible with naked eye, spanning more than six orders of mag-
nitude in radius. These particles can originate from primary sources, i.e.
they are emitted directly to the air, or form in the air due to chemical
reactions creating low-volatility vapours. Aerosol particles have a huge
influence on life on Earth: First and foremost, they provide surface for the
condensation of atmospheric moisture, facilitating cloud formation and
the whole hydrological cycle;2 some aerosol particles can also initiate ice
nucleation in supercooled cloud droplets [16]. Aerosol particles are also
vital for aerobiology and biogeochemical cycling [17]. On the other hand,
exposure to atmospheric aerosol particles can deteriorate plant and animal
health [18, 19], and is estimated to contribute over three million premature
human deaths annually [20]. A significant, but relatively small portion of

2Traditionally, cloud droplets, ice crystals and other hydrometeors are not counted
into atmospheric aerosol particles.



3

atmospheric aerosol particles that can act as cloud condensation nuclei are
formed in the atmosphere [21]: This new particle formation (NPF) is assumed
to be due to homogeneous and/or ion-induced heteromolecular condens-
ation of various vapours [22]. According to the current knowledge, highly
hygroscopic sulphuric acid is the most important vapour initiating NPF in
Earth’s (and also in Venerian) atmosphere [12]. In the planetary boundary
layer, ammonia and organic bases, mainly amines, are known to strongly
enchance this process [23]. Also highly oxidised, mainly biogenic but also
anthropogenic organic compounds [24, 25] are potential precursors for
freshly formed particles. In coastal areas and over oceans, methanesulph-
onic acid and iodine oxides, formed via gas-phase oxidation of organic
sulphur and iodine compounds emitted by algae, respectively, are known
to produce new particles [26].3 Once formed, particles continue to grow
via condensation of predominantly organic vapours and coagulation with
other particles. As changes in the amount of particles large enough to act
as cloud condensation nuclei has a strong influence on radiative forcing,
together with direct scattering of radiation by such particles [32], changes
in the processes affecting the formation and growth of new particles in the
atmosphere induce several feedbacks in the climate system [33].4

The first steps towards quantitative description of the nucleation problem
were taken by thermodynamic works of William Thomson (Lord Kelvin)
[35] and J. W. Gibbs (Jr.) [36] (see sections 1.1 and 2.1.1 for further discus-
sion), whose treatment extended the macroscopic notion of a droplet to de-
scribe what later become known as a critical cluster—an unstable nanosize
object corresponding to the bottleneck of nucleation process. This image
has since underpinned our view of nucleation phenomena, and notably
the interpretation of nucleation theorems that, to put it short, are relations
giving the extensive properties attributed to a such droplet in terms of
measurable quantities. However, such a positivistic approach is likely to

3A distinct process—homogeneous nucleation of pure water vapour—has been sug-
gested as the source of new particles in the Earth’s mesosphere [27] (first proposed in
Ref. [28]). As the occurrence of noctilucent clouds is largely dictated by the amount of
particles and water vapour in the upper mesosphere—where the dominant source of
H2O is the oxidation of upwelled methane, such process would be a climate canary [29].
For NPF at the planetary boundary layer, also some more exotic compounds have been
proposed to initiate the process [30, 31].

4Also in case of other planets, for example Jupiter [34], atmospheric NPF has been
proposed to significantly influence the planetary radiative balance.
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fall short when the critical cluster consists only of few molecules: First,
as we are discussing tiny, tiny clusters [37], we need to take into account
that cluster properties differ from those of bulk matter, most obviously due
to larger surface-to-volume ratio leading to enhanced reactivity and blur-
ring the distinction between intensive and extensive properties. Further
deviations from macroscopic behaviour arise because such clusters are in-
herently smaller than the mean free path of the surrounding gas, have a
discrete structure consisting of a finite number of molecules, and, last but
maybe not least, due to quantum effects.5 Secondly, critical clusters are
seldom surrounded by isothermal and isobaric perfect gas, instead, citing
Smirnov [40], we need to consider processes involving clusters and small
particles in a buffer gas, where temperature and concentration gradients
may take place and which may not be ideal. Despite these limitations,
nucleation theorems, especially the so-called first nucleation theorem—
relating the size of the critical cluster g∗, expressed in terms of number of
molecules, to the relative sensitivity of the observed nucleation rate J on
saturation ratio—have been shown to reproduce the predictions of classical
thermodynamics for certain systems, e.g. water [41, 42]. In this thesis, the
following questions have been attributed: i) To what extent can we rely on
nucleation theorems? ii) What effects do various nonideal factors listed
above have on nucleation theorems? iii) Can we derive generalised forms
of nucleation theorems that account for these factors? and iv) Can we
apply nucleation theorems to atmospheric NPF?

1.1 A short history of nucleation studies with

emphasis on atmospheric science

Humankind has been aware of aerosols throughout its existence via com-
mon phenomena like dust and smoke. The properties of atmospheric fine
particles also captured the scientific interest already at the classical era,

5In this context, it is good to remind that the wave–particle duality has been experi-
mental verified to objects such as buckminsterfullerene (C60) [38] and organic molecules
with masses larger than 10000 amu [39], well in or above the size range critical clusters.
Although constant interactions of a critical cluster with the mother phase lead to a rapid
decoherence. . .
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as vividly demonstrated by Lucretius’ De rerum natura (ca. 58 BCE) that
summed up the Epicurean physics and was found again in high medieval
times.6 It is therefore not surprising that over one and half millennia later,
the existence and effects of atmospheric aerosols were largely recognised.
For example, the effect of atmospheric aerosol particles7 on the resolving
power of telescopes was well known and discussed by Auzout [43] in a
letter to Charles Abbe in 1666, i.e. only 56 years after the publication of
Galileo’s Sidereus nuncius! However, sources of these particles and their
formation mechanisms remained unclear, excluding the obvious counter-
examples such as coarse dust.

1.1.1 First scientific ideas

In the wake of the Lisbon 1755 earthquake, Immanuel Kant wrote a series of
essays describing his theory of earthquakes. According to him, exothermic
underground reactions of sulphates and water (forming sulphuric acid)
and iron minerals were the driving force behind tectonic and volcanic
action. Although this line of reasoning failed, in two essays he also made
a connection between the formation of haze and release of inorganic acid
vapours from the ground: In the first essay [44], he pointed out that the
speculated reactions could lead to emanations of sulphuric and nitric acids,
and correctly pointed the enhancing effect that the hygroscopicity of these
substances could have to the formation and growth of haze particles.8 In
the second essay [47], he made a connection between a haze event observed
in Locarno on October 14—two weeks before the Lisbon earthquake—and
the assumed emissions of sulphuric acid fumes.9 This made Kant the first

6Full-text is publicly available e.g. at http://www.thelatinlibrary.com/
lucretius.html.

7“[L]es vapeurs, la poussiere & les autres petits corps dont l’air est tous jours [sic.]
plein. . . ”

8It should be noted that Kant was not the first to suggest connection between earth-
quakes and meteorological phenomena: Aristotle, citing Democritus, linked earthquakes
with the evaporation of (water) vapour from soil and commented that haze is created
in such a process. Both Aristotle and Pliny the Elder (Part 9 of Book 2 and Chap. 84
of Book 2 in eprints [45] and [46], respectively) also wrote on peculiar clouds preceding
earthquakes. It is likely that Kant was influenced by these writings.

9Husar [48] has proposed that what Kant actually reported was a Saharan dust epis-
ode.
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to propose the connection between sulphuric acid and atmospheric NPF. It
should be noted, though, that Kant later started to doubt his own theory of
earthquakes as there might not be enough sulphur available in the Earth’s
crust to explain the amount of released energy [49, §51].10

Followed by the eruption of Laki starting June 8, 1783, widespread and
persistent fog covered most of the Europe [51]. This led to a number of pub-
lished observations together with theoretical speculations [for examples,
see 48].11 Although some observers noted sulphurous smell in connection
to the fog [52], anachronistically the most interesting theory was presented
by Marcorelle [53], who concluded that condensing fermentation products
of fumes from plants and soil, together with salt-like and "bituminous"
compounds were a major source of haze droplets, and that evaporation of
such droplet would leave a small, solid particle. Considering the lack of
relevant measurements, these thoughts are not far from the current under-
standing of the role of secondary organic compounds in the formation and
growth of new particles [cf. 54, 55].

Neither Kant, Marcorelle, nor their contemporaries made any clear distinc-
tion between primary and secondary particles. Indeed, even the concept
of vapour was still vague until mid-19th century, when the kinetic the-
ory of heat finally superseded the caloric one. However, Patrin [56] and
Rafinesque [57] clearly stated that some part of atmospheric dust is formed
from chemical reaction products of gasses. In a subsequent publication
[58], Rafinesque made a statement that already sounds quite modern:12

The insight given us by modern chemistry into the gaseous
formations of solid substances, will be amply sufficient to ac-
count for this spontaneous formation. We know that. . . sulphur,
muriate of ammoniae, &c. can be formed by sublimation of
gases. . . &c. may be spontaneously combined by a casual meet-
ing or mixture of gaseous emanations. It is not therefore diffi-

10However, a particle formation method, similar to the one originally described by
Kant, has been recently observed in nature [50].

11It should be noted that there are some inaccuracies in the references in [48], probably
due to their secondary nature.

12One should note, though, that the first—and only—issue of the journal where this
article was published, edited (and to a large extent authored) by Rafinesque himself, was
censored immediately after printing due to rather obscure reasons and did not see public
release until 1949.
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cult to conceive how dusty particles may be formed in the great
chemical laboratory of our atmosphere.

Besides the role of chemical transformation on the dynamics of atmo-
spheric aerosols, Rafinesque [57] also clearly expressed the importance of
the processes of wet and dry deposition on the evolution of the atmospheric
aerosol population.

1.1.2 From natural philosophy to experimental science

Almost all of the work done on atmospheric aerosols until early 20th cen-
tury could be classified as natural philosophy, as it was based on con-
clusions drawn from mostly unsystematic observations. First systematic
studies on the formation and growth of aerosol particles were undertaken
by John Tyndall. In 1868 he reported results from a series of experiments
[59], where vapours of volatile liquids were exposed to light in a glass
tube, forming clouds inside. Varying carrier gas from purified air to oxy-
gen and hydrogen, he further showed that the observed reactions were
due to photolytic decomposition of vapour molecules, not by oxidation.
Yet, the selection of substances he used has some intriguing implications
when considering current knowledge of atmospheric new particle forma-
tion: nitrite of amyl, allyl and isopropyl iodides, and hydrobromic, -chloric
and -iodic acids. In a subsequent paper [60], results of further experiments
with various mixtures of organic compounds and CS2 with nitric acid
were reported. Tyndall noted that minute impurities had a strong effect
on particle formation, and without thorough cleaning, trace amounts of
vapours emanating from glassware and metallic parts of the experimental
setup were enough to produce a visible cloud of particles in otherwise
pure air (as Tyndall passed filtered air through potassium hydroxide and
sulphuric acid, in this order, to dry it, a small amount of sulphuric acid
must have also been present). One can say that these experiments mark
the beginning of both photochemistry and aerosol research as scientific
disciplines. Tyndall in fact gave the first proper definition of an aerosol
[61, footnote on p. 27]:

As regards size, there is probably no sharp line between mo-
lecules and particles; the one gradually shades into the other.
But the distinction that I draw is this: the atom or the molecule,
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if free, is always part of a gas, the particle is never so. A particle
is a bit of liquid or solid matter, formed by the aggregation of
atoms or molecules.

This statement also implies the existence of a barrier—kinetic or thermo-
dynamic—for new particle formation. Although Tyndall was not using the
term (chemical) potential here, he apparently13 had been on Gibbs’ mailing
list and consequently was aware of his work on phase equilibrium.

Following the demonstration of Coulier [63] that there is something in
unfiltered air allowing water to condense at moderate supersaturations,
in contrary to filtered air, other researchers became interested on the con-
densation of water vapour, using adiabatic expansion and cooling as the
method to achieve supersaturation. Aitken [64] and Kiessling [65] de-
veloped expansion chambers while Robert von Helmholtz [66] performed
the first studies with nozzles: All of them observed that when sulphuric
acid was added to the gas, condensation was strongly enhanced. Aitken
and von Helmholtz, however, reached opposite conclusions on the relative
strengths of sulphuric and hydrochloric acids enhancement: Aitken found
hydrochloric acid being the less effective, while von Helmholtz listed the
relative effect of various acidic compounds as HCl > H2SO4 > SO2 > HNO3
> CO2. All three authors considered the formation of ammonium chloride
as a reason for the observed effects with HCl, but only Aitken paid special
attention on the reaction of sulphuric acid and ammonia in air. He fur-
ther noted that these reactions can actually result in condensation without
external nucleus, i.e. via homogeneous nucleation. The possibility of ho-
mogeneous nucleation of water vapour was proposed soon after by Carl
Barus [67] on the basis of his own work with condensation of steam.

The role of ions on condensation was first demonstrated by von Helmholtz
[68]. At the end of the 19th century, the nature of electric charge was a hot
topic in science, and consequently the ion-induced nucleation soon become
the dominating topic of nucleation studies [69], not least by the work done
at the Cavendish laboratory [70, Chap. 7 and references therein]. The apex
of this work was the cloud chamber, developed by C. T. R. Wilson [71],
who not only quantified the effect of ions on the critical supersaturation to
form droplets, but also demonstrated the chemistry-mediated effect of UV-

13This is documented by a marking on his copy of Ref. [62], which is available at
https://archive.org/details/Onequilibriumhe00Gibb.
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radiation on new particle formation and also performed the first controlled
experiments on the homogeneous nucleation of water vapour, confirming
the conclusions of Barus.

1.1.3 From laboratory to outdoors

The first atmospheric observations of new particle formation by Aitken [72]
were soon followed by the first continuous measurements due to Barus,
who, using a fog chamber of his own design, reported time series from
both urban [73, 74] and remote [75] environments. These measurements
together with meteorological observations led Barus to notice the inverse
correlation between new particle formation rate and relative humidity [cf.
76]. Based on his lab experiments and field studies, he was also opposing
the current view at the beginning of century that ion-induced nucleation
could explain atmospheric NPF, and instead considered sulphuric acid as
an extremely potential nucleator in air [74].

In 1912, Aitken [77] proposed that atmospheric NPF essentially follows
from photolytic reactions (referring to Tyndall’s work here), leading to gas-
phase oxidation of SO2 to H2SO4, which then together with ammonia and
water vapour forms new particles. Further proof on the role of sulphuric
acid was provided by Hogg [78], who noticed that the intermediate air
ions in Kew Observatory, London were composed of what seemed to be
aggregates of sulphuric acid droplets with a diameter of 3.6 nm.

1.1.4 Formation of the classical nucleation theory

The origin of the theoretical description of nucleation can be traced back
to the seminal work on capillarity by Young [79] and Laplace [80, Suppl.
to book X]. Building on their work, Thomson [35] derived his famous
equation, showing that due to the action of surface tension, a tiny droplet
can only be stable in supersaturated vapour, quantifying the relationship
between droplet size and saturation ratio, in modern notation [cf. 66]

ln S �

2γ∞vl

kBTR
, (1.1)
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where S is the saturation ratio, i.e. ratio of the actual partial pressure of
vapour pv to the equilibrium vapour pressure pe at the same temperature,
R the radius of the droplet coexisting with vapour with surface tension (of
plane surface) γ∞ and molecular volume vl , and kB and T have their usual
meanings of the Boltzmann constant and temperature.

Clarification of the concepts of reaction rate and the law of mass action
by Guldberg and Waage [81, 82] were also important steps towards a
quantitative understanding of nucleation phenomena, though those did
not contribute directly to the actual development of the description that
is known as the classical nucleation theory (CNT). CNT was initiated by
Volmer and Weber [83], who were the first to give an expression for the nuc-
leation rate, combining the thermodynamic expression of Gibbs [36] for the
work of formation of the critical cluster with the Smoluchowski–Einstein
[84, 85] relation for the probability of a critical fluctuation, originally de-
vised to describe the second-order phase transformation leading to critical
opalescence.14 Soon after, Farkas [88] sketched the first kinetic treatment of
homogeneous nucleation: Following the suggestion of Szilárd, he treated
the formation of a g-mer as a chain of reactions involving addition or evap-
oration of a monomer from a cluster. This description has since dominated
our understanding of nucleation phenomena. Farkas, however, was not
able to give completely closed form expression for the nucleation rate J,
which was obtained by Becker and Döring in 1935 [89], who gave both
the discrete treatment and an approximating continuum form, where the
number of molecules in the cluster g is treated as a continuous variable,
obtaining an expression that was essentially of same form than that of
Volmer and Weber,

J � Kng∗ � Kn1 exp(−W ∗/kBT). (1.2)

Here K is the kinetic prefactor, describing the net rate of attachment of
a monomer (concentration n1 15) into a critical cluster with (constrained)
equilibrium concentration ng∗ , i.e. concentration following the Boltzmann
statistics with energy ∆W(g), and the reversible work of formation W ∗.

14Much of the early development in nucleation studies focused on crystallisation, and
is not discussed here. For a more detailed exposition, reader is referred to reviews [86,
87] and references therein.

15If one assumes ideal gas behaviour, as it is (too) often done, this translates into
Spe/kBT, where pe is the equilibrium vapour pressure of the condensing liquid.
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Approximations used by Becker and Döring to obtain the continuum ap-
proximation were refined by Frenkel [90], Zel’dovich [91] and Goodrich
[92].16 The continuum theory was then extended to describe the thermo-
dynamic part of the problem already by Volmer on his monograph [96],
while the kinetic part of the binary case by studied in detail b Reiss [97]
and Stauffer [98], with a further extension to multicomponent systems by
Hirschfelder [99] and Trinkaus [100]. Theory of ion-induced nucleation
was refined by Tohmfor and Volmer [101] and Rusanov and Kuni [102],
and extended to multicomponent systems by Noppel et al. [103].17 From
the kinetic viewpoint, the important 1/S-correction to expression (1.2)—
i.e. division of the right-hand-side of Eq. (1.2) by S ∝ n1—was first pro-
posed by Courtney [113]: this correction is needed to make the nucleation
rate satisfy the law of mass action, and has been since deduced also via
different arguments [e.g. 114–116], and it emerges naturally from thermo-
dynamically more consistent treatment of the Becker–Döring kinetics that
was proposed by Katz and coauthors [e.g. 117]—and extended for mul-
ticomponent systems by Flagan [118]—placing CNT into firmer theoretical

16A more fundamental approach based on field-theoretic description was put forth by
Langer [93, 94]; however, it has been shown that both Langer’s approach and CNT result
in a practically equivalent formulation for J [95].

17With the exception of some results in Chap. 6, multicomponent or ion-induced
nucleation are not discussed in this thesis. The reason is not that multicomponent or ion-
induced pathways would be negligible for the atmospheric new particle formation, vice
versa. However, in most cases that have been studied so far, one can treat multicomponent
nucleation as quasiunary one, as the dynamics of cluster population are determined by
large of the collision and evaporation rates of a single dominating component from the gas
phase. A classical example is the binary water–sulphuric acid nucleation [104], where the
cluster evolution can be mapped with the number of sulphuric acid molecules with reas-
onable accuracy for most purposes (at least when considering Earth’s atmosphere) [105].
A second, more practical, excuse to omit multicomponent theory in this work stems from
the fact that one cannot derive nucleation theorems for a truly multicomponent case, at
least in closed form, without making the continuum assumption (or other approximations
[106], see also Chap. 6), effectively rendering the differences between various treatments
into small variations of term relative to the derivative of ln K respect to the monomer
concentrations, which are typically close to unity. When it comes to ion-induced nucle-
ation, most evidence suggest that it gives only a modest background contribution to the
atmospheric NPF rate at most occasions [for a review, see 107]—a conclusion that is also
supported by more recent state-of-the-art measurements [108–111] reporting competitive
enhancement of the stabilisation of sulphuric acid containing clusters by ions, bases, and
oxidised organic compounds—and complications induced to nucleation theorems have
already been discussed in literature [112].
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basis.

1.1.5 Ignorance was amiss

Despite aerosol research becoming largely acknowledged as a separate
scientific discipline after the Second World War, results concerning atmo-
spheric NPF started to fade into oblivion. Development of CNT and related
experiments showed that it is extremely unlikely for any pure vapour to
nucleate homogeneously in tropospheric conditions, and since the sem-
inal work of Köhler [119] and general advancement of meteorology, the
scientific focus moved more towards understanding the nature and role of
cloud condensation nuclei [120]. Although Byers still mentioned in 1965
gas-phase chemical reactions among potential sources of new condensa-
tion nuclei in the atmosphere [121], in the following decade reviews of the
subject generally considered NPF in the atmosphere unlikely: Montefinale
et al. [122] note, after discussing activation of Aitken nuclei, that

Supersaturations required are considerably higher in the case
of small ions [8–10] or for homogeneous nucleation [8–10], and
the practical occurrence of those last two processes, in the free
atmosphere, thus appears to be very unlikely.

Textbooks of that era were not more optimistic on the possibility of homo-
geneous nucleation in the atmosphere [123, p. 159]:

The importance of homogeneous nucleation in the atmosphere
is unknown at this juncture, but is probably important in only a
few rare instances, possibly in the nearly dust-free upper atmo-
sphere, or at points of emission to the atmosphere where the
supersaturation is extremely high.

There were, however, also other opinions:18 A world-wide layer of strato-
spheric aerosol particles was found by Junge et al. [124] in the early sixties,
and the origin of these particles was generally assumed to be homogeneous
nucleation [125]. Meanwhile, laboratory studies on the formation of urban

18An anecdotal example is the “man sniffer” device that the General Electric company
developed for U.S. military during the Vietnam War, which relied on the detection of
particles formed inside the instrument when ammonia emitted by humans reacted with
ionised hydrochloric acid [120].
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smog pointed out that mixtures of anthropogenic organics, sulphur diox-
ide and oxides of nitrogen produced new particles under irradiation [e.g.
126, 127]. These findings led Doyle [128] to perform theoretical calculations
on the possibility of binary H2O–H2SO4 nucleation in the atmosphere.19
The formation of the blue haze in forested areas was studied by Went [131,
132], who proposed that the condensation of the oxidation products of
plant-emitted terpenes could cause NPF. However, although all of these
mechanisms found some experimental support, the idea of widespread
NPF in the atmosphere did not become accepted until the development of
aerosol measurement technology allowed determination of under 10-nm
particle concentration in field conditions, revealing new particle formation
events in various locations (for an overview, see Table 1 in [133], and for
the stratospheric aerosol Ref. [134]).

1.2 The first nucleation theorem and atmospheric

new particle formation

The first nucleation theorem, in its commonly used form, reads as(
∂ ln J

∂ ln n1

)
T

≈
(
∂ ln J

∂ ln S

)
T

≈ ∆g∗(+1). (1.3)

Here ∆g∗ is the excess number of molecules in the critical cluster, that is,
the number of molecules in the critical cluster minus the average number of
vapour molecules that would occupy the same space if there would be no
cluster; for nucleation from vapour it is often assumed that∆g∗ ≈ g∗. Factor
+1 in Eq. (1.3) stems from the kinetic prefactor K, when the 1/S-correction
is accounted for. In given form, the first nucleation theorem provides what
seems to be a direct relation between properties that can be measured in
a laboratory (J, S, T) and nanoscopic information on the critical cluster.

19It is a historical curiosity that Doyle [128], as well as Kiang al. [129]—who were
first to apply CNT for ternary nucleation in the atmosphere—used wrong equation(s) to
calculate the molecular composition of the critical cluster, neglecting the Gibbs–Duhem
equation. The correct equation for the binary case was already presented by Volmer [96,
Eq. (51)], who, however, continued his derivation with an equation that contained the
erroneous surface term. For a more detailed discussion and later perspective, see [130].
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This fact together with its simple form has led to a widespread (mis)use
of the first nucleation theorem when interpreting data from new particle
formation measurements, both in lab settings and outdoors.

The first nucleation theorem in the form of Eq. (1.3) was first derived by
Nielsen using CNT [10, p. 18], who used it to interpret data of nucleation
from solutions. He also pointed out the analogue between the first nuc-
leation theorem and chemical reaction-order analysis, noticing that if one
can locally express the nucleation rate in power-law form J � knP

1 , where
the kinetic factor k does not depend on the monomer concentration n1, the
nucleation exponent P should match the number of molecules in critical
cluster, g∗ (see Sec. 3.A.2). One can argue that this gives a more general
justification for the first nucleation theorem as a manifestation of the law of
mass action [135]. This view was already expressed by Volmer [96, p. 127],
who concluded that J ∝ Sg∗

(not Sg∗
+1). He, however, most likely due to

lack of experimental (J, S) data at that time, did not take the final step to
express the first nucleation theorem in form of Eq. (1.3).

Analysis based on CNT was also applied to measurements of homogen-
eous vapour-to-liquid nucleation by Allen and Kassner in 1969 [136].20
While several other authors have provided similar derivations for the first
nucleation theorem since then [see 137, Chap. 5], Kashchiev [138] was the
first to propose that relation (1.3) could be more general than CNT, thus
coining the term nucleation theorem. Kashchiev’s phenomenological proof
was put on a firmer thermodynamic basis by Oxtoby and Kashchiev [139],
who also extended the derivation into multicomponent systems.21 Work of
Oxtoby and Kashchiev, together with the statistical mechanic derivation of
the first nucleation theorem by Reiss [140], soon led to widespread use of
the first nucleation theorem when analysing experimental nucleation rate
data, often in parallel with the scaling analysis of Hale [141].

The first application of the first nucleation theorem on a study with at-
mospheric relevance is due to Marvin and Reiss [142], who, while using
a cloud chamber to interpret data of the photo-oxidation of sulphur di-

20“It is seen that the slope of the curve of ln J vs. S [sic.] for constant temperature will
give the number of molecules in the critical clusters,. . . ”

21Actually, Kashchiev [138]—as well as Oxtoby and Kashchiev [139]—were express-
ing their results in terms of ∂W∗/∂∆µ, where ∆µ is the difference between vapour and
condensed phase chemical potentials. For a more detailed description, see Chap. 3.
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oxide, used the reaction-rate analysis (a.k.a. slope analysis) to interpret
the obtained nucleation rate in form J � 6.85 · 10−35 cm9 s−1 [H2SO4]4. A
more detailed analysis based on CNT was provided in the theoretical work
of McGraw and Saunders [143], who found that (∂ ln J/∂ ln n1)T � g∗

+ 2,
neglecting the 1/S-correction. However, it was not until 1996 when Weber
et al. [133] first applied slope-analysis into field measurements of J vs.
[H2SO4].
Nucleation theorems in Kashchiev’s sense were first mentioned together
with atmospheric NPF—though no relation between these two were made—
in a review by Laaksonen et al. [144]. However, it soon became a standard
practice to discuss nucleation theorems and their implications applied into
atmospheric new particle formation, as witnessed by various reviews [13,
145–152], and laboratory [e.g. 153–159] and field studies [e.g. 160–163].
In most cases the derivative in Eq. (1.3) with respect to sulphuric acid
concentration was again of main interest. Majority of this work did not
pay attention to the limitations of nucleation theorems when applied to
non-ideal conditions, although there were some exceptions: Kulmala et
al. [160] and Metzger et al. [154] pointed out that the effect of losses
was both variable and unaccounted for both in applications to field and
smog chamber measurements, and that the same was true also for other
conditions, i.e. temperature and concentrations of other species. When
comparing sulphuric acid nucleation exponents from various studies, a
disagreement between field (typically P ≈ 1 or 2) and some laboratory
experiments (P � 4–20) was found. To explain this discrepancy, several
reasons have been suggested: Role of other oxidation products of SO2 than
H2SO4 in NPF was studied both experimentally [164] and computationally
[165, 166], as were uncertainties related to the measurements gas-phase
H2SO4 concentration [167, 168]. The role of residence time in laboratory
experiments on P was first noted by Young et al. [153], and later confirmed
by Sipilä et al. [169], who pointed out the crucial role played by detection
sensitivity of the smallest clusters. More recently, issues related to the
assumptions of nucleation theorems have been noted to be able to explain
most of this variation, as discussed in Chaps. 5 and 6 [see also 112, 170].

The reason why the nucleation exponent with respect to [H2SO4]has drawn
such attention are the implementations concerning the physical mechan-
ism of NPF: Case P � 1, i.e. J � k1[H2SO4], has been considered to
imply “activation”-type new particle formation, where clusters containing
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one sulphuric acid molecule are beyond the critical size with respect to
addition of more sulphuric acid into cluster, but generally under the nuc-
leation limit with respect to other condensable vapours [160].22 Case P � 2
(J � k2[H2SO4]2) has been interpreted as kinetically limited NPF, where
collisions of two (clusters containing one) sulphuric acid molecules lead to
formation of a thermodynamically stable cluster [172, 173]. In this case,
the kinetic factor k2 can be interpreted as sticking/reaction probability.
Although it is well-known that coefficient k1 and k2 are not constants but
do depend on concentrations of other vapours participating NPF as well
as other environmental conditions [174], in climate and process models
these are often taken as constants, causing potentially drastic errors in the
description of the smallest particles.23 Finally, if P ∼ 5 or larger (the exact
number depends ultimately on the researcher at hand), NPF is generally
assumed to proceed according to the liquid droplet model described by
CNT.

References

Please note that, for the sake of simplicity, all references that could have
been treated as articles in a journal/series are treated so.

22The term activation originates from an analogue with cloud droplet activation de-
scribed by Köhler’s theory; in other contexts it, however, implies the existence of thermo-
dynamic barrier. To describe similar process in transitions between condensed phases, a
potentially more appropriate term athermal nucleation has also been used [171].

23It is possible to augment these descriptions considering multilinear dependence of
ln J from the logarithms of concentrations of various precursors [cf. 106] as done for
example in Refs. [110, 159, 175]. A further uncertainty in models stems from the fact
that the given formula for J is used to describe formation of new particles at some preset
critical size, typically at diameter of 1.5 nm, although in reality the critical size does
depend on conditions. If such chosen “formation size” is larger than the “true” critical
size in the model, this description may give a physically consistent presentation, but only
if vapours responsible for the growth of freshly formed particles—or their presentation in
the model—are the same than those responsible for the nucleation. In some studies it has
been acknowledged that activation and kinetic mechanisms are only parameterisations to
used to describe the net formation rate of particles at some larger size [e.g. 176], in which
case the three parameters—size d, rate constant kd , and exponent P—can be interpreted
as fitting parameters for Jd � kd[H2SO4]P .
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2 Nucleation phenomena

Theoretical understanding of the first order phase transforma-
tions is underpinned by the classical liquid droplet model, es-
pecially so in the case of vapour–liquid transition: Here the new
phase embryo is depicted as a drop of liquid, and its dynam-
ics are given in terms of condensation and evaporation fluxes
of vapour phase monomers. Although this approach is ques-
tionable, especially in cases where the critical cluster consists
only of few molecules, it also gives a theoretical background
for much of the work on nucleation theorems, and is shortly
described in this chapter.

From a theoretical viewpoint, the most important feature of
CNT is that it allows a closed-form expression for the nucleation
rate, thus making the physical interpretation of the effect of
various factors transparent. A complementary picture follows,
when nucleation is studied using methods of computational
physics, ranging from molecular dynamics simulations based
on Newtonian mechanics to quantum-chemical evaluation of
cluster energetics. At the end, both of these approaches can
only be validated via comparison with nucleation experiments.

2.1 Classical nucleation theory

Although the classical nucleation theory (CNT) is generally referenced as
a single theory, it is actually a group of theories developed from the com-
bination of the Gibbsian liquid drop model and the Szilárd–Farkas kinet-
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ics, describing growth and decay of such droplets via collision with and
evaporation of vapour monomers. With respect to both of these aspects—
thermodynamics and kinetics of droplet formation—there are several re-
finements proposed in the literature during the past ninety years: curi-
ously, most such refinements tend to make the accuracy of CNT predictions
poorer in comparison to rougher treatments when the theory is compared
with experiments. The basic assumptions of CNT can be summarised as
follows:

• clusters grow only by addition or removal of a single monomer at a
time,

• the height of the energy barrier for the nucleation process is given
by the free energy difference of g∗ vapour molecules and a spherical
droplet treated as a macroscopic object consisting of the same amount
of molecules and being in unstable equilibrium with the old (vapour)
phase,

• there is only one rate limiting step, i.e. the free energy maximum or
saddle point, in the growth path of the cluster.

In most cases only isothermal steady-state nucleation rates are considered,
which means that the short induction period before the net flux reaches
sizes larger than the critical one after a change in saturation ratio, to-
gether with the effect of latent heat release and evaporative cooling due
to exchange of monomers with the old phase, are neglected. Yet another
simplifying assumption of constant monomer number density (saturation
ratio), i.e. clusters making up only a negligible fraction of the vapour, is
often done; in kinetic treatment this is rationalised by imposing the Mc-
Donald’s daemon [1] that breaks up clusters reaching some post-critical
size G back into monomers. Furthermore, cluster coagulation, fission and
loss are also assumed to be negligible. For a more detailed exposition,
recent monographs [2–4, see also 5, Chap. 3] are referred to.

2.1.1 Thermodynamics of a phase transition

One can obviously construct the free energy of a droplet in various en-
sembles, though the most common one is probably that with constant T
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and p, and consequently the free energy is that of Gibbs. However, integra-
tion of dG � Vdp−ηdT+µdN from the metastable vapour phase to liquid
phase does not simply give the correct result for the work of formation, as
the droplet presenting critical cluster is in unstable equilibrium with the
vapour phase instead of stable one.1 (We only consider here unary case in
detail; for most parts, the extension to multicomponent systems is trivial
when it comes to the thermodynamic part of the problem, although the
treatment of surface terms requires some care [6].) Thus, we must study the
change of internal energy during the formation of a droplet [5, Sec. A.2.],[3,
Chap. 3]: Following Gibbs’ treatment of thermodynamics, we divide the
internal energy of the system into vapour, liquid and surface components,
U � Uv + Ul + Us . Here the surface term Us is a correction to bulk liquid
properties due to existence of a sharp interface, which we assume to have
zero thickness and such energy, entropy and amount of molecules Ns that
the sum of all extensive variables over vapour, liquid and surface terms
corresponds to the properties of a real system with non-sharp interface.
The internal energy of a homogeneous vapour in volume V is

U0
v � −p0

vV + η0
vT + Nvµ

0
v ,

where p0
v , η0

v andµ0
v are the partial pressure, entropy and chemical potential

of vapour at the initial state. When a cluster (droplet) is created into vapour,
similar equations hold for the liquid and remaining vapour in volume V :

Ul � −plVl + ηlT + Nlµl ,

Uv � −pvVv + ηvT + Nvµv.

We now assume that the volume of the forming droplet Vl is negligible in
comparison to V , and we can assume the same values for ηv , pv and µv

before and after the formation of the droplet and drop the superscript 0.2
The internal energy of the surface separating the liquid and the vapour is

Us � γA + ηsT + Nsµs ,

1Symbol η is used for the entropy, as was originally done by Gibbs, throughout this
thesis instead of the more common S to avoid confusion between entropy and saturation
ratio.

2It can be shown [3, Sec. 3.4.] that under such conditions, one can alternatively present
the work of formation W∗ of the critical cluster as a change in Gibbs (as done here) or
Helmholtz free energy or Landau grand potential.



38 2. NUCLEATION PHENOMENA

where γ is the surface tension and A the surface area. The total internal
energy of the system is now

U � Tη − plVl − pvVv + Nlµl + Nvµv + Nsµs + γA. (2.1)

The Gibbs free energy change for the formation is now obtained subtracting
the initial Gibbs free energy of the whole system G0

v from that of a system
containing the droplet, giving3

∆G � (pv − pl)Vl + Nl(µl − µv) + Ns(µs − µv) + γA. (2.2)

The free energy of the system does not depend on the position of the
dividing surface, but volume Vl and surface area A do. Let us set the
derivative of Eq. (2.2) with respect to Vl to zero:[

∂∆G

∂Vl

]
Nl ,Ns ;T,pv

� 0, (2.3)

where brackets indicate that the derivative is understood as variation with
respect to the position of the dividing surface while keeping physical prop-
erties of the system intact. Evaluation of Eq. (2.3) gives the generalised
Young–Laplace equation,

pl − pv �

2γ
R∗ +

[
∂γ

∂R∗

]
. (2.4)

We can now choose the dividing surface and the corresponding radius R∗ in
a such way that the second term at the right-hand-side becomes zero. Such
a dividing surface is know as the surface of tension and its radius is RS (we
drop the superscript ∗ for simplicity): pl − pv � 2γ/RS. Correspondingly
we also set the derivatives of ∆G with respect to Nl and Ns zero that gives
the equilibrium condition for chemical potentials,

µl � µv � µs . (2.5)

3Here we effectively neglect the cluster’s contribution to the entropy of the vapour–
cluster system. Although this is a reasonable assumption, entropy due to cluster move-
ment in laboratory coordinates has been found both to introduce uncertainties to the
proper evaluation of the free energy of the cluster and also to provide a non-negligible
contribution for nucleation theorems. For further discussion see Chap. 3.
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Using Eqs. (2.4) and (2.5) we get the formation free energy of a critical
cluster as4

∆G∗
� (pv − pl)V ∗

l + γ
∗A∗

�

4πγ(RS)R2
S

3
. (2.6)

The derivation above is completely general. However, the value of the
surface tension of a small droplet is generally not known, and chemical
potentials are not directly measurable quantities either. Thus several ap-
proximations are needed to transform Eq. (2.6) into a form that can be
evaluated based on measured vapour-phase properties. First, integrating
Maxwell’s relation dµl � vldp, where v is the (partial) molecular volume,
from pl to pv gives

µl(pl) − µl(pv) � µv(pv) − µl(pv)

�

∫ pl

pv

vl(p)dp

≈ vl(pl − pv), (2.7)

where the last expression follows if an incompressible liquid phase is as-
sumed. Denoting the chemical potential difference5 ∆µ � µl(pv) − µv(pv)
and multiplying both sides of Eq. (2.7) by N∗

l
(for one-component systems

V ∗
� V ∗

l
+ V ∗

s � V ∗
l
≈ N∗

l
vl , where the approximative form is again valid

for an incompressible liquid phase) results in

∆G∗ ≈ N∗
l∆µ + γ(RS)A∗. (2.8)

Let us denote the total number of molecules in the critical cluster g∗ :�
N∗

l
+ N∗

s . Equation (2.8) suggests now writing

∆G∗
� g∗
∆µ + γA∗. (2.9)

Obviously, this corresponds to setting n∗
s � 0. The resulting dividing

surface is known as the equimolecular (or equimolar) surface with radius RE.
It can be shown [8] that surface tension is independent of radius—and thus
has the value corresponding to plane surface, γ∞—if RS � RE. Making

4This equation was first presented by Gibbs [Eq. (560) in Ref. 7].
5Some authors, most notably Kashchiev [e.g. 2, Chap. 2], traditionally define this

difference vice versa.
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this capillarity assumption results in the often quoted CNT expression for
the work of formation

W ∗
CNT � g∗

∆µ + γ∞A∗2 (2.10)

≈ −g∗kBT ln S + γ∞4πR2
E . (2.11)

The second form follows after using dµ � vdp to express both µl(pv)
and µv(pv) as deviations from corresponding values for coexisting phases
(p � pe):

µl(pv) � µl(pe) +
∫ pv

pe

vldp

≈ µl(pe) + vl(pv − pe)

and

µv(pv) � µv(pe) +
∫ pv

pe

vvdp

≈ µv(pe) + kBT ln
pv

pe
,

where incompressible liquid phase is again assumed and ideal gas law
pvv � kBT is used for the vapour. By definition, µl(pe) � µv(pe ), so that
∆µ ≈ −kBT ln S + vl(pv − pe), where the second term is usually negligible.

Equations (2.6), (2.8) and (2.9) have a direct physical interpretation, when
extended also for non-critical clusters: ∆G(g) can be decomposed into bulk
term ∝ −g and surface term ∝ g2/3, i.e. there is a free energy benefit for
forming the new phase, but this is accompanied by an energetic cost due
to formation of interphase between old and new phases. Thermodynamic
critical size g∗ is given by the point, where either addition of a monomer
into, or removal of monomer from the cluster decreases ∆G (Fig. 2.1)

Searching for the maximum of ∆G (cf. Fig. 2.1) gives(
∂∆G

∂g

)
T,pv ;g�g∗

� ∆µ +

(
∂γ∗

∂g

)
T,pv

A∗
+ γ∗

(
∂A∗

∂g

)
T,pv

� 0.

Making the capillarity approximation and assuming ideal vapour phase
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∆G

g

g∗

∆G∗

Fig. 2.1. Schematic presentation of the free energy ∆G of cluster formation as
function of the total number of molecules g in the cluster: blue and green dashed
lines, respectively, give the surface and bulk contributions to the total free energy
difference (red) between cluster and vapour.

results in

0 � −kBT ln S + γ∞

(
∂A∗

∂R∗

)
T,pv ;g�g∗

(
∂R∗

∂V ∗

)
T,pv ;g�g∗

(
∂V ∗

∂g

)
T,pv ;g�g∗

� −kBT ln S +

2vlγ∞
RE

. (2.12)

Reorganising Eq. (2.12) gives the Kelvin equation. For further reference we
note that to derive Eq. (1.1), the following assumptions are mandatory:

• vapour phase follows ideal gas law

• liquid phase is incompressible

• surface tension does not depend on droplet radius.

These assumptions are more obvious when mechanical arguments are used
to derive the Kelvin equation [9].6

6Powles [10] has argued, based on data from molecular dynamic simulations of trun-
cated Lennard-Jones fluid, that if vapour phase nonideality (up to the second virial
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There have been several attempts to modify classical expressions for ∆G∗

to include the size-dependence of surface tension, rotation and translation
of the cluster, etc.; for a systematic overview, see [11]. Some more recent
approaches have been discussed by Kalikmanov [4, Chaps. 3, 6, and 7].

2.1.2 Nucleation kinetics

A full kinetic treatment of vapour phase nucleation process—excluding
cluster loss processes—is given by the Smoluchowski [12] coagulation
equation supplemented with terms describing cluster fission, i.e. the birth–
death equations for g-mers. These equations give the time derivatives of
various cluster concentrations fg as

∂ fg

∂t
�

1
2

g−1∑

i�1

β(g − i , i) fg−i(t) fg(t) −
∞∑

i�1

β(g , i) fi(t) fg(t)

+

∞∑

i�g+1

α(i , g) fi(t) −
g−1∑

i�1

α(g , i) fg(t). (2.13)

Here β(i , j) is the coagulation kernel for collision between an i-mer and a
j-mer and α(i , j) the fission rate coefficient for the breakage of an i-mer to
an (i − j)-mer and a j-mer; obviously α(i , i) � 0. The factor 1/2 at the first
term in the right-hand-side is required to avoid overcounting of collisions
between indistinguishable g-mers [cf. 13, pp. 551–553]. For solution of
Eqs. (2.13), a boundary condition for the monomer concentration f1 must
be specified. For homogeneous nucleation from vapour, though, collisions
encountered by a g-mer, g > 1, are assumed to be dominated by colli-
sions with vapour phase monomers and clusters are assumed to evaporate
monomers only, which leads to the Szilárd–Farkas model [14],

∂ fg

∂t
� βg−1 f1(t) fg−1(t) − βg f1(t) fg(t) − αg fg(t) + αg+1 fg+1(t). (2.14)

coefficient) and cluster compressibility are taken into account in the derivation of the
Kelvin equation, contributions from these factors nearly cancel each other out. How-
ever, lennard-jonesium is a notoriously compressible substance, and further evidence is
required to extend this assertion for other systems.
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Here βg :� β(g , 1) and αg :� α(g , 1) are the condensation and evaporation
rate coefficients for a g-mer, respectively. For g > 1, Eqs. (2.14) can be
written in terms of net fluxes from size g to size g+1, Jg � βg f1 fg−αg+1 fg+1,
as

∂ fg

∂t
� Jg−1 − Jg. (2.15)

The Becker–Döring [15] model consists of equations (2.14) or (2.15) together
with the boundary condition of constant monomer concentration f1.

To obtain an analytic solution for the Becker–Döring model at steady-state
conditions (∂ fg/∂t � 0), the local equilibrium assumption

βg f1ng � αg+1ng+1, (2.16)

is invoked. Here ng � n1e−∆Gg/kBT for g > 1 is the so-called constrained
equilibrium concentration of a g-mer and n1 � f1. This assumption de-
rives from the microscopic reversibility condition and implies the principle
of detailed balance, customarily used in physical kinetics [for a detailed
discussion, see 16, Chap. 5]. Application of Eq. (2.16) to the net formation
rate of (g + 1)-mers gives

Jg � βgn1ng

(
fg

ng
−

fg+1

ng+1

)
, (2.17)

where the term in parenthesis is the Zel’dovich factor Z, which effectively
describes the decrease of the net flux towards larger sizes due to backward
flux, for the discrete case. Without this term, Eq. (2.17) applied at the
critical size g∗ would be formally identical to that of the transition state
theory of chemical kinetics, i.e. concentration of the activated complex
(here critical cluster) ng∗ times the forward rate constant (monomer number
collision frequency). At steady-state Jg−1 � Jg ≡ J, and rearrangement and
summing up Eqs. (2.17) gives

J
©
«

∞∑

g�1

1
βgn1ng

ª®¬
�

f1

n1
− f2

n2
+

f2

n2
− f3

n3
+ . . .

Invoking the boundary condition fG/nG � 0 for some G sufficiently lar-
ger than g∗ terminates the telescoping sum at the right-hand-side of the
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previous expression, resulting in the Becker–Döring sum for J:

J �
©«

G−1∑

g�1

1
βgn1ng

ª®
¬
−1

. (2.18)

Due to applied boundary conditions, Eq. (2.18) remarkably includes only
parameters determined at constrained equilibrium. Condensation rate
coefficients can be determined from the kinetic gas theory [12] as

βg �

√
8πkBT

(
1

mg
+

1
m

) (
Rg + R1

)2 . (2.19)

Here the sum of g-mer and monomer radii, Rg + Ri , is interpreted as the
collision radius. Since often mg >> m, mass of a monomer, and Rg >> R1,
a resulting approximative form [Eq. (5.37)] that neglects the contribution
of the incoming monomer into the scattering cross section σ is often used
in practical calculations.

Equation (2.19) as given here only gives the number of collisions between a
monomer and a g-mer, and it is possible that not all of these collisions lead
to capture of the colliding monomer. One can introduce a size-dependent
mass accommodation coefficient ag to correct this: Formally this coefficient
gives the ratio of incorporated monomers to all colliding ones. However,
in practice ag plays the role of a fudge factor to account for deviations from
the kinetics described by Eq. (2.19) that can be due to occasional collisions
with gas-phase dimers (or higher oligomers) [17], or scattering cross section
deviating from the geometrical one based on the equimolecular dividing
surface [e.g. 18, 19], which can be due to attractive forces between the cluster
and monomer [20]. Usually it is assumed that ag ≡ 1, i.e. σ ≈ πR2

e ≈ πR2
s

in CNT (and consequently in most presented derivations of nucleation
theorems).

If g∗ is sufficiently large, one can reasonably treat the cluster size as a
continuous variable and turn the differential–difference equation (2.15)
into a partial differential one:

∂ fg

∂t
� −∂J(g , t)

∂g
�
∂

∂g

[
a(g)β(g , 1)n1n(g , t) ∂

∂g

(
f (g , t)
n(g , t)

)]
. (2.20)
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where the continuum version of the microscopic balance condition has
been applied. The boundary condition f1/n1 � 1 retains its form while
the other boundary condition reforms to f (g)/n(g) → 0 for g → ∞. The
steady-state solution of Eq. (2.20) with these boundary conditions is

J �

(∫ ∞

1

dg

a(g)β(g , 1)n2
1e−∆G(g)/kBT

)−1

. (2.21)

To evaluate the integral, let us expand ∆G(g) into Taylor series around
g � g∗:

∆G(g) � ∆G(g∗) + ∂∆G(g)
∂g

�����
g�g∗

(g − g∗) + 1
2
∂2
∆G(g)
∂g2

�����
g�g∗

(g − g∗)2 + . . .

Now the second summand is zero as∆G(g) has a maximum at g∗. Truncat-
ing the series after quadratic term and substituting into Eq. (2.21) results
in

J ≈
©«

∫ ∞

1

dg

a(g)β(g , 1)n2
1e

−∆G(g∗)
kBT e

− (g−g∗)2
2kBT

∂2∆G(g)
∂g2

���
g�g∗

ª®®®®¬

−1

≈
ag∗βg∗n1ng∗

∫ ∞
1 e

(g−g∗)2
2kBT

∂2∆G(g)
∂g2

���
g�g∗dg

. (2.22)

As the integral peaks strongly near g∗, a(g) and β(g , 1) have been approx-
imated by their corresponding values for the critical cluster. The remaining
integral has a standard Gaussian form,7 and approximating the lower limit
of integration by −∞,8 and noticing that ∂2

∆G/∂g2 < 0 in the vicinity of

7Physically, this implies that we treat nucleation as diffusion in size space, at least
in the vicinity of the critical size g∗. This interpretation is actually more general, as
already Eq. (2.17) has the form of the Fick’s first law with effective concentration gradient
( fg+1/ng+1 − fg/ng) and diffusion coefficient D � βg n1ng .

8To get the remaining integral in Eq. (2.22) proportional to the simplest Gaussian
form,

∫
e−g′2dg′, a change in integration variable from g to g − g∗ moves the lower limit

of the remaining integration to 1 − g∗. Now, in these new coordinates the integral peaks
strongly at g′

� 0, so approximation 1− g∗ ≈ −∞ is reasonable as long as g∗ is sufficiently
larger than 1.
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the critical size, we get

J � ag∗βg∗n1ng∗

√√√
1

2πkBT

�����∂
2∆G(g)
∂g2

���
g�g∗

����� � ag∗βg∗n1ng∗Z. (2.23)

Applying the capillarity approximation [Eq. (2.11)] for∆G(g∗), using Eq. (2.19)
in an approximative form together with the ideal gas expression n1 �

Spe/kBT and assuming ag∗ � 1 finally gives

JCNT �

√
2γ∞
πm

vlS

(
pe

kBT

)2

e−W∗
CNT/kBT , (2.24)

where we have also incorporated the 1/S-correction [21]. An alternative
implementation of the 1/S-correction is to use the intensive work of formation,
∆W ∗

CNT � −(g∗ − 1)kBT ln S + γ∞A∗—or more generally following Eq. (2.8)
as

∆W ∗
� (g∗ − 1)∆µ + γ∗A∗, (2.25)

which also implies that there is no free energy cost to create a monomer
in vapour, solving the inconsistency with the law of mass action, as it
is assumed that γ → 0 when g → 1, unless capillary approximation
is applied. Although the preceding derivation has highlighted several
restricting assumptions required to obtain Eq. (2.24), from the viewpoint
of nucleation theorems it needs to be reminded that expression with similar
form are obtained from all continuum-based approaches [22].

2.2 Computational models for nucleation

There are several numerical methods that have been used to describe nuc-
leation phenomena. One can consider the numerical solution of Eqs. (2.15),
which allows inclusion of size-dependent fudge factors, cluster losses—as
done in Chap. 5—and studies of non-steady-state nucleation all leading
to fluxes Jg varying with the size coordinate g, as simplest computational
models for nucleation. A more detailed picture and complicated beha-
viour follows if one disregards the Szilárd’s approximation, and instead
solves the full Smoluchowski coagulation equation, allowing coagulations
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between all different cluster sizes present in the model. An example of
this type of model is the ACDC-model [23] used in Chap. 6.9 There are
also more sophisticated approaches, ranging from classical and quantum
density functional calculations for the minimum free energy of the (critical)
cluster to molecular dynamics, essentially simulating the nucleation pro-
cess using Newtonian mechanics to describe movement and interactions
of individual molecules.

Phenomenology of density functional (DF) methods can traced back to the
pioneering work of van der Waals [25] on phase coexistence, and inde-
pendently to the later work of Ginzburg and Landau [26] on second-order
phase transitions in relation to superconductivity. The common thread of
various DF formalisms is to treat the density of interest—molecular density
in the classical case and and electron density in the quantum case—as a
continuous variable of spatial coordinates, and minimise the (free) energy
of the system, which itself is a functional of the density. Classical DF calcu-
lations were first applied to phase equilibrium and nucleation by Cahn and
Hilliard [27, 28], whose technique was motivated by earlier studies on mag-
netism of materials. In studies of homogeneous nucleation, though, the
Cahn–Hilliard approach has been largely superseded by the one presented
by Oxtoby and Evans [29], where instead of the original square gradient
approximation, i.e. free energy functional containing a term proportional
to ∇2ρ, intermolecular interactions are divided into a repulsive part that is
approximated by the repulsion of hard spheres, and attractive interactions
which are treated in a mean-field manner [e.g. 30, 31]. In either form, clas-
sical DF techniques allow studies of the effects of non-sharp vapour–liquid
boundary, absent from the Gibbsian description of thermodynamics, and
varying intermolecular pair-potential on ∆G. Most notably, the DF theory
predicts the existence of spinodal in contrast to classical thermodynamic
treatment. For a more detailed but concise description of the classical DF
methods, see [2, Chap. 8] and [4, Chap. 5]. In this thesis, results of clas-
sical DF calculations are used—together with results from Monte Carlo

9Collisions between all available particle sizes are also featured in aerosol dynamics
models: Here, however, clusters/particles are not followed at molecular resolution, but
are lumped together into size bins in sectional models or represented by superposition
of continuous functions when the modal description is followed; nucleation is usually
treated in black box manner, i.e. a prescribed function is used to insert new particles
into the smallest size bin or mode. The UHMA-model [24] used in Chap. 6 is a sectional
model.



48 2. NUCLEATION PHENOMENA

simulations—to motivate the functional form for the displacement barrier
height in Chap. 4.

Quantum chemical methods come in two flavours. Both of these methods
are based on the numerical solution of the Schrödinger equation for the
studied system, but use different numerical approaches. Typically, the
Born–Oppenheimer approximation, differentiating the time scales for the
motions of electrons and nuclei, allowing to treat the former ones instant-
aneously adjusted to the later ones, is done. Also relativistic effects are
often ignored, especially for the light atoms10 relevant for the atmospheric
NPF. Ab initio methods can be roughly described as numerical solutions
of the Schrödinger equation using superposition of individual electronic
wavefunctions to describe the total electronic wavefunction of the system.
Another approach, which has been used in calculations reported in Chap. 6,
is the quantum DF treatment of electrons, which follows from the develop-
ment of the Thomas–Fermi model for the electron gas by Hohenberg and
Kohn [32]; for a more detailed description of the methods used in Chap. 6
see Refs. [33, Sec. 2.3] and [34, Chap. 2].

Both classical and quantum density functional methods can be used to
solve the minimum-energy configuration of the system (droplet/cluster,
respectively). Thus they are static models, and do not give any informa-
tion on the dynamics of the nucleation process. That is to say that those
methods have to be supplemented by a classical description of cluster pop-
ulation dynamics, i.e. Szilárd–Farkas or Smoluchowski model, to obtain
actual nucleation rates. The same is also true for Monte Carlo (MC) methods:
Here, however, the focus is not solely on the thermodynamic properties of
the critical cluster, but rather in an efficient sampling of the available phase
space for determination of the properties of non-equilibrium clusters. In
practice, this is done using a random sampling algorithm [35]; several
alternative methods exist for calculating the moves from one state of the
vapour–cluster system into another, though generally the probability of
each move is weighted by a related Boltzmann-factor. In a sense, MC cal-
culations provide a series of snapshots of the system under constrained
(pseudo-)equilibrium. MC methods were first applied to homogeneous
nucleation from vapour by Lee et al. [36]. To study truly nonequilibrium
dynamics of nucleation, molecular dynamics (MD) calculations can be per-

10See, however, footnote 3 on p. 3.
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formed. Here the behaviour of the system is modelled solving Newton’s
(or Hamilton’s) equations of motion for each molecule during each time
step. Although the MD approach mimics the actual nucleation process in
nature, due to computational restrictions only systems with experimentally
unrealistic saturation ratios and simplified classical intermolecular poten-
tials11 have been studied so far; a computationally more feasible alternative,
known as indirect nucleation simulation, is to study the stability of a cluster
initially present in simulation cell [39]. Further deviations from the phys-
ics of real world systems, hindering direct comparisons with nucleation
experiments, are due to finite-size effects [40], although a recent study [41]
suggests that at least for simple systems, there is a possibility for analytical
correction of these effects. For a more detailed description of MC and MD
methods in nucleation studies, see [4, Chap. 8].

From the viewpoint of nucleation theorems, there are some restrictions on
how MC and MD simulations can be used (in case of DF calculations, the
application of the first nucleation theorem is trivial, as it can be derived dir-
ectly from a density functional theory [e.g. 2, 42, Chap. 8.]): If a consistent
comparison with a CNT-type theory is required, properties of bulk phases
have to be evaluated using the exactly same conditions concerning e.g.
intermolecular potential functions as used in nucleation simulations [43].
For the evaluation of the critical cluster size, the cluster definition used
in simulations is also of prior importance: the most used definitions are
based on the total energy of the cluster [36] or connectivity [44, 45]. Napari
et al. [39] compared the predictions of the first nucleation theorem with the
results from both direct and indirect MD calculations for a Lennard-Jones
fluid: Although they could not reach definitive conclusions, critical cluster
sizes derived using the first nucleation theorem had different temperature
dependence than those obtained from direct and indirect simulations. At
a lower temperature (T ≈ 0.60Tc), the critical size from the first nucleation
theorem corresponded to reasonably well with both direct and indirect
simulations with cluster definitions based on the conditions of a molecule
belonging to the cluster if three or four other molecules lay within distance
1.5σ, where σ is the Lennard-Jones size parameter. At a higher temperature
(T ≈ 0.74Tc), critical sizes from the first nucleation theorem corresponded
cluster definition with only one or two other molecules within distance

11There are, though, emerging attempts for ab initio MD calculations for atmospheric-
ally relevant systems, see [37] and [38, Chap. 5].
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of 1.5σ. In both cases, the results conflict with a previous study [46], al-
though the critical cluster sizes obtained from the first nucleation theorem
are consistently larger than those given by the Kelvin equation, but smaller
than those estimated from the density profile. Also results from direct
simulations suggested denser clusters than indirect simulations. It is thus
likely that for more complex systems, the possibilities to use MD or MC
simulations to confirm the results obtained using nucleation theorems are
quite limited.

2.3 Nucleation experiments

Studying vapour-to-liquid nucleation experimentally requires controlled
means to produce supersaturared vapour, and a method to observe form-
ing droplets. The first experiments [47–49] relied on the expansion of
vapour to achieve high enough saturation ratios. A notable advancement
was achieved by Franck and Hertz [50], who applied the thermal diffusion
chamber, originally developed to study ions, on homogeneous nucleation,
allowing for the first time continuous measurements of new particle form-
ation in controlled conditions, at least in principle. In both cases, the
deducible parameter was so-called critical or on-set saturation ratio S∗,
i.e. the degree of supersaturation producing high enough new particle
formation rate that the formed mist could be detected visually. Since
these pioneering works, most experimental setups can be largely assigned
into two groups that are based either on adiabatic expansion—including
expansion and nucleation pulse chambers, expansion wave tubes and su-
personic nozzles—or a temperature gradient and different temperature
dependencies of partial and equilibrium vapour pressures—thermal dif-
fusion chambers and laminar flow tubes. For a concise overview of the
operation principles, see Ref. [51]; also setups based e.g. on turbulent
mixing have been utilised, but to a lesser extent [52].

Development of photographic techniques enabled first quantitative estim-
ations of the nucleation rate J from expansion chambers [e.g. 53], when
the number of formed droplets was counted from photograph plates, and
this information was converted into nucleation rate with the estimated
length of the nucleation pulse. Knowledge of J as function of S and T then
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allowed the first applications of the first nucleation theorem in vapour-
to-liquid nucleation. Automated photographic methods are still used for
droplet counting, but have been supplemented by methods based on total
light attenuation,12 and in the case of expansion-based devices and higher
nucleation rates with those based of x-ray [55], neutron [56], or constant
angle Mie scattering [57]. To estimate J(S, T) [or J(S1 , S2, . . . , T, P)], one
also needs to know S and T. These are either calculated from the known
expansion rate or—in the case of diffusion based devices—from the flux
equations for mass and energy transfer inside the measurement device.
In both cases, the properties of carrier gas–vapour mixture are usually
assumed to be given by the ideal gas equation of state. For the searched
correspondence between S and J, the effect of vapour consumption due
to condensation on surfaces and growth of freshly formed particles has
to be taken into account or minimise. In expansion based devices, this is
usually obtained by separation of nucleation and growth with nucleation
pulse techniques [58]. In supersonic nozzles, however, there is no clear-cut
separation of nucleation and growth regimes, and static pressure measure-
ment along the flow axis are used to identify the location of the nucleation
zone. In diffusion based devices, freshly nucleated particles are trans-
ported away from the nucleation zone either via gravitational deposition,
thermophoretic movement or flow of the medium.

In laboratory studies miming atmospheric NPF process, as well as in field
measurements, both production of sulphuric acid and/or oxidised organ-
ics and scavenging of vapour, clusters and particles occur simultaneously
with nucleation: Here measurements are typically done using a differential
mobility particle sizer (DMPS), consisting of size-classification of charged
particles using a differential mobility analyser [59], followed by optical
counting of particles using a condensation particle counter [60]. Typically
measurements have to be done at a size larger than the critical one, e.g.
particles of 3 or 5 nm by (mobility) diameter, and then the formation rate
at the estimated critical size Jd∗ is back-calculated [e.g. 61]. In some cases,
particle size magnifiers, i.e. condensation particle counters using two dif-
ferent condensing vapours, are used to retrieve number concentrations
down to approximately 1-nm particles [62]. For more detailed description
of the measurement protocol, see Ref. [63]. For the detection of nucleating

12For a case study comparing photographic and light attenuation based methods, see
Ref. [54].
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vapours, various novel mass spectrometers have been introduced during
last decades [64], most notably chemical ionisation mass spectrometers
for detection of sulphuric acid [65], and more recently also for ammonia
and amines [66]. However, in several, especially older studies the con-
centrations of potentially nucleating species are estimated using chemical
reaction rate calculations [e.g. 67], off-line techniques [e.g. 68], or statist-
ical proxies [e.g. 69]. When interpreting results obtained from nucleation
theorems, uncertainties introduced by indirect determination of the con-
centration of nucleating species and the actual nucleation rate on the exact
value of the derivative need to be considered.
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3 Nucleation theorems

. . . [P]henomenologically, i.e., without reference to a specified
(given by a concrete model, including Gibbs’s) cluster excess
energy. . . That is what makes the original derivation so general:
it is exactly as general as the law of energy conservation.

– D. Kashchiev on the first nucleation theorem, as cited in Ref. [1]

3.1 Background

Classical nucleation theory (CNT) shares common foundations with the
other classical rate theories—such as the transition state theory [2], Kramers’
reaction rate theory [3], and Marcus’ theory of electron transfer [4]—
including the quasi-equilibrium (or constrained equilibrium) assumption
and reduction of the number of reaction coordinates, which in the case of
CNT means that the extent of the process can be given solely in terms of
cluster size. The latter property is related to the fact that classical rate the-
ories all make the assumption of a single bottleneck, or a rate-limiting step,
for the process. Due to these common foundations, classical rate theories
also share the property that it is possible to use these theories “in reverse”
to extract the properties of the transition state from experimental data [5].
In case of nucleation, this was already exploited by Barus [6]—who, inter-
estingly though, did not make any explicit reference to Lord Kelvin’s work
that he was obviously aware of—and Wilson [7], who while reporting their
pioneering measurements commented on the size of the critical nucleus
for condensation, assuming it to composed of water molecules, based on
measured critical supersaturations. There is nothing new, either, in using
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60 3. NUCLEATION THEOREMS

nucleation measurements to estimate the size-dependence of the surface
tension while resorting to the CNT expressions, although this has been
rationalised in terms of nucleation theorems only more recently [8, 9]. It
has been pointed out that the term nucleation theorem underestimates the
validity of these theorems, as such relations hold also for other activated
processes described by classical rate theories [10], thus commodifying the
above-mentioned “reverse engineering” property. On the other hand, this
also implies that nucleation theorems may not be as general as the prin-
ciple of the conservation of energy, as those may be limited by some of the
assumptions of the classical rate theories.

Since the first derivations based on CNT [e.g. 11, p. 18], more general
thermodynamic derivations of the first nucleation theorem have been given
by Kashchiev and Oxtoby [12, 13], whose main result is1(

∂W ∗

∂∆µ

)
T

� g∗ (3.1)

that follows from Eq. (2.9), if (∂γE/∂∆µ)T +(∂
{

RE[∂γ/∂R]R�RE

}
/∂2∆µ)T �

0, i.e. surface contribution to the nucleation barrier does not depend on the
supersaturation. (When a more specific designation is required, we denote
the thermodynamic critical size given by Eq. (3.1) with g∗

td.) Alternatively,
one can take the derivative with respect to the old phase chemical potential
µv, in which case (

∂W ∗

∂µv

)
T

�

(
∂W ∗

∂∆µ

)
T

(
∂∆µ

∂µv

)
T

�

{(
∂µl

∂µv

)
p�pv ;T

− 1

}
g∗

�

(
ρv

ρl
− 1

)
g∗

�: −∆g∗, (3.2)

1Again, Kashchiev and Oxtoby defined ∆µ in an opposite manner to presented here,
so their result actually reads as (

∂W∗

∂∆µ

)
T

� −g∗.

Of course, when expressing ∆µ in terms of a measurable quantity, i.e. S, the resulting
equations do agree.
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where the definition ∆µ � µl(pv) − µv(pv) has been applied together
with the Maxwell relation dµ � vdp that holds at constant temperature;
ρl � 1/vl(pv) and ρv � 1/vv(pv) are the molecular densities of coexisting
liquid and gas phases, respectively. The physical interpretation of the term
(1 − ρv/ρl) is the subtraction of the number of vapour-phase molecules
occupying the volume corresponding the critical cluster prior nucleation.

Other authors have provided proofs for the first nucleation theorem based
on statistical mechanics [14–17], fluctuation theory [18], or physical kin-
etics [19, 20, see also 15].2 The last mentioned derivations differ from
other proposed ones as no functional relationship in form of Eq. (1.2) is
assumed, but instead the nucleation theorems are deduced directly from
the Becker–Döring sum (2.18); these results can be described as kinetic
nucleation theorems, while other derivations produce—for a lack of a better
term—thermodynamic nucleation theorems. This is to say that the rate-forms
of the thermodynamic nucleation theorems are basically differential rela-
tions in form

kBT

(
∂ ln J

∂∆µ

)
T

� kBT

(
∂ ln K

∂∆µ

)
T

−
(
∂W ∗

∂∆µ

)
T

� −1 − g∗,

which follows if one combines Eq. (3.1)—or some corresponding, in prin-
ciple exact relationship between W ∗ and ∆µ, also referred as the first nuc-
leation theorem—with a CNT-type rate expression.

As the distinction between extensive and intensive variables breaks up for
small clusters, as demonstrated e.g. by the aforementioned dependence
of the surface tension on cluster size, validity of original thermodynamic
derivations [12, 13] can be questioned. One possible way to fix this limita-
tion is to resort to Hill’s small system thermodynamics [22, 23],3 where the
thermodynamic system is divided into an ensemble of small systems that
can act as heat, pressure and particle reservoirs for each other. Derivations
based on small system thermodynamics are given below, for derivations

2This classification is not unambiguous: for example, Hrubý et al. [21] have given
a derivation of the first nucleation theorem loosely based on association–dissociation
treatment of vapour-phase clusters that has common features with derivations based on
physical and chemical kinetics, though actual results are then obtained using a CNT-type
expression for J .

3García-Morales et al. [24] have pointed out the correspondence of small system
thermodynamics and the non-extensive entropy formulation of Tsallis [25].
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based on statistical mechanics and chemical kinetics, please see Appen-
dices 3.A.1 and 3.A.2. The kinetic derivation of the first nucleation theorem
is reviewed and extended in Chaps. 5 and 6, see also [26, Sec. 3.2.1].

The first rigorous derivation of the first nucleation theorem (in terms of
W ∗) was given by Hill using small system thermodynamics [22], though
no connection to nucleation was made. The derivation has been repeated
by Ford [27] and Kalikmanov [28, Sec. 4.4], see also [29]; Bowles et al.
[10] have given an equivalent derivation in terms of constrained equilib-
rium thermodynamics [30]. In small system thermodynamics, the internal
energy of the whole system is given as

dUt � Tdηt − PdVt + µvdgt + dX

� Tdηt − PdVt + µvdgt + µNdN , (3.3)

where N is the number of subsystems (replicas) and total entropy, volume
and number of molecules are given respectively as ηt � Nη, Vt � NV , and
gt � N g (the surface energy contribution can be implicitly incorporated
into U [23, e.g. p. 83], so there is no need to differentiate g and N here). P is
the total pressure of the system that for a pure vapour we are considering
momentarily to equal the partial pressure pv. The internal energy of a
single subsystem retains the familiar form,

dU � Tdη − PdV + µvdg. (3.4)

Since replicas are free to exchange matter, energy, and volume with each
other, small system thermodynamics allows us to consider “completely
open” systems [31, 32], for which

dX � −ηdT + VdP − gdµv (3.5)

gives the differential of the free energy for a single subsystem (this is in
contrast to classical thermodynamics, where thermodynamic potential de-
scribing a completely open system is the zero potential, manifested by the
Gibbs–Duhem equation). It is possible to construct the partition function
Υ for completely open systems, so that

X � − kBT lnΥ

� −kBT ln
∑

V

Ξe−PV/kBT , (3.6)

where Ξ is the usual grand canonical partition function.
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3.2 First nucleation theorem

From Eq. (3.5) we have W ∗
� ∆X∗

� X∗−X0, where subscript 0 refers again
to initial, homogeneous vapour at given T and P (remember that for a
completely open system, one can formally vary T, P, and µv independently,
see [23, Chap. 10]). Redifferentiating results in

dW ∗
� d∆X∗

� −∆η∗dT − ∆g∗dµv + ∆V ∗dP, (3.7)

where ∆η∗ � η∗ − η0, ∆g∗
� g∗ − g0, and ∆V ∗

� V ∗ − V0 give the excess
entropy, number of particles, and volume, respectively, due to formation
of a critical cluster. Equation (3.7) gives now immediately4(

∂∆X∗

∂µv

)
T,P

� −∆g∗. (3.8)

Assuming now that the prefactor K is given by Eq. (2.24) results in(
∂ ln J

∂ ln S

)
T,P

� − 1
kBT

(
∂W ∗

∂ ln S

)
T,P

+

(
∂ ln K

∂ ln S

)
T,P

≈ g∗
+

(
∂ ln K

∂ ln S

)
T,P

≈ g∗
+ 1, (3.9)

where we have again assumed ideal gas behaviour for the supersatur-
ated vapour with a corresponding form for the chemical potential, and
identified the contribution due to homogeneous vapour via X0 with the
corresponding term, (ρv/ρl)g∗ in Eq. (3.2).

3.2.1 Scaling of nucleation rates based on the first nucle-

ation theorem and the Kelvin equation

Based on the initial good agreement between predictions of the first nucle-
ation theorem and the Kelvin equation [e.g. 33], McGraw and Laaksonen

4Strictly speaking, Eq. (3.8) gives the ensemble average excess number of molecules, or
the excess small system thermodynamic critical size, 〈∆g〉. Assuming ergodic-type condition,
it is not far fetched to identify 〈g〉 with the kinetic critical size ḡ (see Ref. [19] or Sec. 5.2).
We shall, however, neglect the difference of ∆g∗ and 〈∆g〉 for the time being.
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[34] proposed simple scaling relations for g∗ and W ∗. A concise derivation
of these, following Koga and Zeng [35], is given below.

From Eqs. (2.6) and (2.9) it follows that if one makes the capillarity approx-
imation,

W ∗
CNT � −

g∗
CNT∆µ

2
. (3.10)

Let us assume for a moment that the functional dependence of W ∗ on ∆µ
is correctly (i.e. beyond CNT) predicted by Eq. (3.10). Differentiating with
respect to ∆µ at constant T (and P) gives(

∂W ∗

∂∆µ

)
T

� − g∗

2
−
∆µ

2

(
∂g∗

∂∆µ

)
T

� g∗,

where the second equality follows from the first nucleation theorem, e.g.
Eq. (3.1). Reorganising gives

3g∗
+ ∆µ

(
∂g∗

∂∆µ

)
T

� 0,

which results in a generalised Kelvin or Gibbs–Thomson equation written
in terms g∗ and ∆µ,

g∗
�

C(T)
(∆µ)3 , (3.11)

where the coefficient of proportionality is a function of temperature only,
and in case of CNT is given as C(T) � 32πγ3

∞/3ρ2
l
. Using Eq. (3.1) to

integrate (3.11) and substituting the CNT expression for C(T) gives

W ∗
� − C(T)

2(∆µ)2 − D(T)

� W ∗
CNT − D(T), (3.12)

where the second constant of integration, D, is a function of temperature
(and possibly total pressure) only, and is known as the displacement barrier
height.

DF calculations [34, 36, 37] have lent further support for the ansatz above,
at least for simple liquids. A straightforward physical interpretation of
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D(T) is the value of W ∗
CNT evaluated at the spinodal. Alternatively, D(T)

can be expressed in terms related to the size dependence of the surface
tension [36] and, in case of a more complete expansion of W ∗ in powers of
∆µ [35], compressibility of the cluster.

3.3 Second nucleation theorem

Similarly to the first nucleation theorem, from Eq. (3.7) it follows that(
∂∆X∗

∂T

)
µv ,P

� −∆η∗. (3.13)

A thermodynamic proof for this result—which was later dubbed as the
second nucleation theorem by Ford [27]—was given by Oxtoby and Kashchiev
[13], with further derivations by ten Wolde [16, Sec. 2.5].

When considering practical measurements, we have to deal with macro-
scopic systems where it is not possible to treat µv, T, and P as completely
independent variables. Thus, in practice conditions with constant satura-
tion ratio S, which generalises into a condition of constant activities in case
of mixture, of vapours, and total pressure P or inert carrier gas pressure
pg (see Sec. 3.5.2) can be assumed. If one only fixes S and lets P vary freely
(i.e. an isochoric process), the second nucleation theorem can be written
in form (

∂W ∗

kBT∂T

)
S,V

� −∆U∗

kBT2
, (3.14)

where ∆U∗ is the excess internal energy of the cluster when compared to
g∗ molecules in bulk liquid [15], see also [38, Sec. 6.4]. Assuming ideal
vapour phase and a CNT-type rate expression results in [15]5(

∂ ln J

∂T

)
S

≈ h − kBT + ∆U∗

kBT2
≈ ∆U∗

kBT2
, (3.15)

where h is the latent heat of condensation per molecule, and kBT in numer-
ator—which stems from the temperature dependence of the kinetic pre-
factor—can be interpreted as the pressure–volume work needed to bring

5Again in a similar manner to the first nucleation theorem, corresponding results
determined on the basis of CNT can be found from the literature [e.g. 39].
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the molecule into constant-volume gas phase; thus the first two terms give
the excess internal energy of a vapour molecule in supersaturated vapour.
It should be noted that if the preceding derivatives were taken also at
constant pressure, a more proper interpretation of the obtainable excess
quantity would be that of excess enthalpy with respect to the same cluster
in liquid,∆H∗. In this case, physical interpretation for kBT would be related
into translation of the cluster as whole [cf. 40].6

For the kinetic derivation of the second nucleation theorem, see [19].

3.4 Other nucleation theorems

The dependence of nucleation rate on total (or carrier gas) pressure has been
constantly recognised as one of the main open problems in vapour-to-liquid
nucleation studies [43]. For recent experimental work, see Refs. [44–46] and
references therein. Much of this issue is due to the fact that CNT neglects
the role of the total pressure in the nucleation process. The corresponding
relative sensitivity of J on the total pressure P is thus of special interest also
from a theoretical viewpoint. From Eq. (3.7) it follows that [cf. Eq. (2.2)](

∂∆X∗

∂P

)
T,µv

� ∆V ∗, (3.16)

where∆V ∗ is now the excess volume of the critical nucleus, i.e. the volume
occupied by ∆g∗ molecules at given conditions resulting in the condensed
phase the density ρ∗. A similar relation results in from other approaches
[e.g. 1, 17, 47] as well. A related result was already obtained by Gibbs
[Eq. (576) in Ref. 48] when discussing the stability of a lentil-shaped phase
formed at the interface of two fluid phases; when considering the primary
role of Eq. (2.6) as the definition of the nucleation work, this form of
nucleation theorem can actually be considered as the most fundamental
one [cf. 49].

6This contribution differs from 3kBT/2, expected on the basis of equipartition, as
impinging molecules have a different velocity distribution than all molecules in the gas
phase. A somewhat simplified description for this effect is that a non-stationary cluster
encounters more head-on collisions, slowing it down, than collisions from behind that
would speed up the cluster. For a more detailed treatment, see [41] or [42].
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The corresponding equation for the nucleation rate,(
∂ ln J

∂P

)
T

� − V ∗

kBT
, (3.17)

was first proposed by Kashchiev for bubble nucleation [50, Chap. 14]; for
further development, see [51, 52]. In Eq. (3.17), V ∗ is the volume of the
critical cluster/bubblet defined by the equimolecular dividing surface. In
droplet nucleation, such pressure or “third nucleation theorem” [Eq. (3.17)]
and its extensions (see Sec. 3.5.2) have mainly been used in integrated form
to predict the pressure dependence of J [e.g. 53].

Nucleation theorems are by no means limited to systems that can be de-
scribed using µPT-, or more conventional NPT- or NVT-ensembles, as
similar relations can be derived for other first order phase transitions as
well. For example, Vehkamäki and Ford [54] have derived an analogue of
the first nucleation theorem for the Ising model.

3.5 Corrections and amendments of nucleation

theorems

Nucleation theorems as given above share most of the restrictions of CNT.
Various amendments of these forms to incorporate missing physical effects
have been proposed in the literature. These can be roughly divided into
two categories: nonequilibrium and -ideality corrections.

3.5.1 Nonequilibrium corrections

In CNT, there are two principal equilibrium assumptions. First, it is as-
sumed that nucleation takes place in steady-state regime. However, if
there is any change in vapour phase intensive properties, the nucleation
rate changes to react this change. Thus, there is a short induction period
before the nucleation rate reaches the new steady-state value. Secondly,
condensation of vapour phase monomers on growing clusters releases lat-
ent heat that warms up the cluster: this excess energy is then dissipated
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either via collision of inert carrier gas molecules, providing the heat bath
for the cluster, and thermal evaporation of molecules back to the gas phase.
The problem of incorporating nonstationary effect into the first nucleation
theorem has been tackled by Kashchiev [50, Chap. 16], but in a manner that
requires either simultaneous estimation of both the characteristic timescale
for reaching steady-state and the steady-state nucleation rate, or making
some model-specific assumptions for either of these.

Nonisothermal effects were recognised early on in the development of the
nucleation theory [55, Sec. 4.A]. Thus, there exist several studies on how
to incorporate these effects into the CNT description of the nucleation rate.
Both discrete [41, 56, 57] and continuum [58, 59] treatments result in an
essentially a similar correction factor that has been incorporated into the
first nucleation theorem by Barrett [60]: Assuming ideal vapour, a zeroth-
order approximation for this correction reads as7(

∂ ln J

∂ ln S

)
T

� g∗
td + 1 − 2(Q̂ + ĉv)

ĉv(1 + λ) + (Q̂ + ĉV)2
θdT

Tdθ
, (3.18)

where constant T refers now to the constant gas phase temperature only.
In Eq. (3.18)

Q̂ �
h

kBT
− 1

2
− ĉv +

2T

3 3
√

g∗
dθ
dT

is the normalised net heat released by condensation of a vapour-phase
monomer with

ĉv �

cv

kB
+

1
2

as the normalised molecular specific heat of vapour phase monomers,
enhanced by addend kB/2 for the increased collision rate of high energy
monomers,

λ �

ĉgngηg

ĉvn1ηv

is the ratio of heat carried by collisions with the carrier gas (subscript g)
and vapour molecules with ni as the molecular density and ηi the mean
thermal speed of species i (vapour or carrier gas) in the gas phase, and

7Instead of thermodynamic critical size g∗
td, a reference could be made to isothermal

statistical mechanic critical size g∗
sm as well.
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θ � γA1/kBT is the dimensionless surface tension. Numerical calcula-
tions for real substances suggest a positive, but negligible correction to
the first nucleation theorem (i.e. increase of the critical size with a term
corresponding to 0 to 1 molecules), as dθ/dT is generally negative [60].
It should be noted that the above mentioned correction factor does not
include radiative heat transfer effects that can be important for nucleation
in interplanetary and -stellar environments [61].

3.5.2 Compressibility and nonideality corrections

Slight nonideality of the mixture of vapour and carrier gas can be presented
using truncated virial equation of state:

P � kBTρv

(
1 + Bρv

)
; (3.19)

for a detailed thermodynamic treatment of this system see [62, Chap. 7].
The second virial coefficient is given as

B � y2
vBv + 2yv ygBv g + y2

gBg,

where yv � pv/P and yg are the mole fractions of vapour and carrier gas,
which also define the Dalton pressures pv and pg, respectively. We shall
follow here the convention designating pv and pg as partial pressures, al-
though this nomenclature is not exact for nonideal mixtures. The chemical
potential of the vapour is now given as

µv(pv , P, T) � kBT ln S +

∑∑

i, j∈{v,g}

(
2Biv − Bi j

)
y j yiP + fv(T), (3.20)

where fv is a function of temperature only, and one-to-one correspondence
of density and pressure second virial coefficients is used. Above we actually
have chosen the Gibbs–Dalton law, P � (yv + yg)P � pv + pg, as our
constitutive relation, and differentiating now under isothermal conditions
yields

dµv(pv , pg; T) � kBTd ln S +

[
(pv + pg)2Bv + p2

gBv − 2p2
gBv g + p2

gBg

]
dpv

(pv + pg)2

+

[
p2

vBv + 2pg(pg + 2pv)Bv g − 2pvpgBg

]
dpg

(pv + pg)2
. (3.21)
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The differential of the condensed phase chemical potential under iso-
thermal conditions and at gaseous phase pressure is again obtained directly
from the Maxwell relation dµv � vdP, where v is the molecular volume of
the condensing component (vapour) in the condensed phase. The chem-
ical potential difference between new and old phases of during isothermal
condensation can now be expressed as a function of pv and pg or P as [cf.
63]8

d∆µ �

[
v − kBT

pv
−
(pv + pg)2Bv + p2

g(Bv − 2Bv g + Bg)
(pv + pg)2

]
dpv

+

[
v −

p2
vBv + 2pg(pg + 2pv)Bv g − 2pvpgBg

(pv + pg)2

]
dpg (3.22)

�

[
v − kBT

pv
−

2(P2 − p2
v)Bv − 4P(P − pv)Bv g + (P2 − p2

v)Bg

P2

]
dpv

+

[
v −

p2
vBv + 2(P2 − p2

v)Bv g − 2pv(P − pv)Bg

P2

]
dP. (3.23)

8Another form of such “effective chemical potential difference” was defined by Wede-
kind et al. [64], who wrote (applying the sign convention used in this thesis)

∆µ � −kBT ln S + v(pv + pg − pe),

which was then used to define pV-corrected work of formation and nucleation rate via equa-
tions similar to Eqs. (2.8) and (2.24). Wedekind et al. continued to show that the effect
of carrier gas concentration was to decrease J either due inefficient thermalisation at low
pg or due increased W∗ via pressure–volume work at high pg . They also pointed out that
there should also be a corresponding increase in g∗ obtained using the first nucleation
theorem, and highlighted the need for conditions of constant pg (or P) when applying
the first nucleation theorem. Computational support for this ansatz was provided by
MD simulations. Holten [65, p. 62] has however pointed out that when the Poynting
correction [66]—i.e. the decrease of pe due to pg—is taken into account, such an extra
pV-term disappears from W∗, which highlights the need to include such correction into
any consistent description from beginning.
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Applying Eq. (3.23) to the first nucleation theorem gives now(
∂ ln J

∂ ln S

)
T,P

�(g∗
id + 1)

[
1 − vpv

kBT

+

(P2 − p2
v)(2Bv − Bg) − 4P(P − pv)Bv g

kBTP2

]
. (3.24)

Here g∗
id is the critical size that follows assuming ideal gas behaviour with

correction terms given by Eq. (3.24) due to i) mechanical work needed to
create the critical cluster, and ii) nonideality of the vapour given in brackets.
Under typical experimental conditions, both of these factors are negligible.
For nucleation from an ideal vapour, Eq. (3.24) gives (g∗

id + 1)(1 − ρv/ρl),
i.e. it produces a slightly different kinetic correction factor ǫ . 1. One can
find several approaches to both compressibility and nonideality corrections
from the literature: differences between various treatments boil down to
the applied operational definitions of S and pv.

• The treatment above defines S � pv/pe in a manner that includes the
effect of dimers on the vapour pressure pv via virial coefficients Bv

and Bv g , which gives a reduction in S when compared to the ideal
case.9

• Kashchiev [63], Luĳten et al. [70], and Holten [65, Sec. 2.9] (and also
implicitly Oxtoby and Laaksonen [53]) have applied the definition
S � e∆µ/kBT , also often encountered in molecular simulations. In
this case, no correction term appears when the nucleation theorem
is presented as a derivative with respect to ln S. From a practical
point of view, this approach suggests that the measurable quantity is
the fugacity of the vapour, instead of the Dalton or partial pressure,
which may also incorporate the Poynting effect [66] on pe due to pg

[see, e.g., 46].

• In both above-mentioned approaches, contribution from the derivat-
ive of the kinetic prefactor K is 1—in a single-component case. Knott

9In the analysis of atmospheric NPF, a more significant nonideality is due to clustering
of sulphuric acid molecules with water and base molecules in the air (see Ref. [67] and
Sec. 6.4.4): not only the appropriate concentration, monomer vs. total, to be used when
applying the first nucleation theorem, but also proper detection of the total concentration
[68] have been under scrutiny. A correction to the first nucleation theorem to account for
the hydration effects has been presented by Zollner et al. [69].
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et al. [71], on the other hand, have argued that one should instead
define S as p1/pe , where p1 is the partial pressure of vapour-phase
monomers. Then, an additional correction due to existence of dimers
(and possible higher oligomers) appears in K [72], and consequently
on (∂ ln K/∂ ln S)T,P . Knott et al. [71], however, neglected this con-
tribution together with terms containing vapour–carrier gas interac-
tions and carrier gas nonidealities (i.e. Bv g and Bg) when deriving
corrections for the first and second nucleation theorems.

Now the nucleation rate J must be some function of the driving force ∆µ,
T, and according to empirical observations, P (or pg). Using the cyclic
relation of derivatives,(

∂P

∂ ln J

)
∆µ,T

(
∂∆µ

∂P

)
J,T

(
∂ ln J

∂∆µ

)
P,T

� −1,

we have an extended form of the pressure nucleation theorem,10(
∂ ln J

∂P

)
T,∆µ

�(g∗
+ 1)

×
[
v∗ −

p2
vBv + 2(P2 − p2

v)Bv g − 2pv(P − pv)Bg

P2

]
. (3.25)

Corresponding equations with similar but not identical form, due to slightly
different assumptions made, have been provided and applied to nucleation
at high pressures by Kashchiev [63], Luĳten et al. [70], Kalikmanov and
Labetski [73], and Holten [65, Sec. 2.9]; the three last-mentioned studies
expressed this nucleation theorem in terms of (∂ ln J/∂ ln P)∆µ,T . At the
limit P >> pv, Eq. (3.25) reduces to the form deduced earlier by Ford [74]
using CNT and more generally using binary nucleation theorem by Oxtoby
and Laaksonen [53].

Ostensibly no other assumptions besides the validity of the Maxwell re-
lation dµ � vdP and the first nucleation theorem have been made when

10Alternatively, a similar nucleation theorem with respect to pg can be derived:

(
∂ ln J

∂pg

)
T,∆µ

� (g∗
+ 1)

[
v∗ −

p2
v Bv + 2pg(pg + 2pv)Bv g − 2pvpg Bg

P2

]
.
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deriving Eq. (3.25). Thus, it is in principle possible to use it to deduce
how the density of the critical cluster ρ∗ � 1/v∗ depends on the ambi-
ent conditions.11 However, the physical identification of this density is
not straightforward: various derivations of the first nucleation theorem
suggest that one could properly assign the density with that inside an
equimolecular surface (cf. Fig. 3.1). Also, due to the restriction of constant
J when evaluating (∂∆µ/∂P), a peculiar variation of pv and pg around the
constant nucleation rate conditions is required. Furthermore, as the deriv-
ation above assumes unary nucleation, such a formula for v∗ holds only
when carrier gas molecules do neither adsorb on the cluster surface nor
penetrate into it. Based on molecular simulations [e.g. 75–79], only helium
(and possibly neon) fulfils this criterion as a carrier gas (and even it may
be present in the precritical clusters, only to be squeezed out before the
cluster reaches critical size [80]).12 On the other hand, light helium atoms
are not effective in transporting heat away from the growing cluster, thus
reducing the nucleation rate due to nonisothermal effects [82].

3.6 Critique of nucleation theorems

Since the first applications to vapour–liquid nucleation, nucleation the-
orems have received both positive and and negative criticism. Much of
the positive criticism has followed from the experimental work using
expansion-based setups (cf. Sec. 2.3) and molecular fluids [for an over-
view, see 33, 83, 84], as here the results from the application of the first and
second nucleation theorems have been inline with the expectations based
on macroscopic droplet models. There are some exceptions, such as the
recent work on homogeneous nucleation of N2 [85], where it was found
that both g∗ and U∗ estimated using the nucleation theorems were sub-
stantially smaller than those predicted by CNT. There has also been some
praise of nucleation theorems based on computational work: for example,

11Schmelzer [1] has presented a counterargument based on the reference states re-
quired by the application of Gibbs’ surface thermodynamics, stating that “it makes no
sense, in general, to discuss the properties of real critical clusters. . . ”

12This phenomenon of mixed clusters containing carrier gas molecules that are only
slightly soluble to vapour’s bulk liquid can be seen as a manifestation of the oversolubility
of such gasses into nanoscopic samples [81].
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ρl

ρ∗

ρv

ρ

R

Fig. 3.1. Above: A schematic “snapshot” of a nucleus bounded by the equimolecu-
lar dividing surface (EDS). Open symbols present vapour and filled symbols
carrier gas molecules, respectively. Below: Density profiles for the “snapshot”
(black), a corresponding mean-field fluctuation (blue) and the EDS defined by
the mean density at the center of nucleus ρ∗ (grey), and bulk liquid density ρl

(green). For an incompressible cluster the last two coincide, while in other cases
both ρ∗ > ρl and ρ∗ < ρl are possible.
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Kathmann et al. [86] noted that the application of the multicomponent
version of the first nucleation theorem was able to predict the composition
of critical clusters correctly when compared to indirect MC simulations
(see, however, Sec. 2.2).

Thermodynamic derivation of the first nucleation theorem, together with
its claimed universality, has encountered negative criticism by Schmelzer
[1, 87]: When considering development from Eq. (2.6) to Eq. (2.8), it is
obvious that the thermodynamic derivation of the first nucleation theorem
[12, cf. Eq. (3.1)] holds only for a stationary, incompressible cluster that
is defined by the equimolecular dividing surface. More recently, Mori et
al. [88, 89] have arrived with similar conclusions. It is interesting to note
that the conditions for the validity of the thermodynamic derivation of the
rate-form of the first nucleation theorem agree with those of the Kelvin
equation (see p. 41), while the other derivations of the first nucleation
theorem have alleviated these restrictions, but typically only one at time;
this has also been pointed out by Reiss [90], and the topic will be returned
in Sec. 7.1.

Kusaka et al. [91] studied binary sulphuric acid–water nucleation using MC
techniques, and found that the rate limiting step was kinetically controlled
dimerisation of two hydrated H2SO4 molecules, which was contrasted to
g∗

H2SO4
≈ 15 obtained from experimental data [92] using the first nucleation

theorem. Inspired by this perplexity, they argued that the first nucleation
theorem “presumes that the rate limiting step is nucleation involving a crit-
ical cluster in equilibrium with the surrounding vapor”, and that it “holds
only at equilibrium where the grand potential is stationary with respect to
fluctuation in the density profile”. Although such a description is indeed a
cornerstone for the thermodynamic and statistical mechanic derivations of
the first nucleation theorem, neither assumption is required for the kinetic
first nucleation theorem to hold. Only under these assumptions, though,
we can identify ḡ with g∗, and if these assumptions do not hold, the result-
ing critical size should be interpreted as ḡ. However, this implies that both
the simulated and the experimental critical sizes should be understood
as kinetic ones. Now the discrepancy between measured and modelled
values can be due to various factors, for example an uncertainty in the
simulated free energy of formation that was pointed out in the original
article [91].
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The negative criticism discussed above focuses on the validity of the work-
form of the first nucleation theorem. Another options are due to failure
of the kinetic description, i.e. deviation from the Szilárd–Farkas kinet-
ics. Such an issue was brought up by Vehkamäki et al. [93], who pointed
out that the existence of stable precritical clusters with an associated local
minimum in the free energy, which participation into cluster growth se-
quence results in the (kinetic) first nucleation theorem to give the difference
between sizes corresponding to the maximum and the minimum in the free
energy of the cluster formation. During recent years, further issues related
to the improper experimental determination of related quantities and the
effect of cluster losses on the interpretation of the first nucleation theorem
have been brought up and clarified e.g. in Chaps. 5 and 6. It is likely that
such contributions explain the recently noted anomaly in the application of
the first nucleation theorem into data from diffusion-based measurement
setups [e.g. 94] discussed in more detail in Sec. 7.2.

3.A Appendix

3.A.1 Derivation of the first nucleation theorem using stat-

istical mechanics

Statistical mechanic arguments were first applied to the derivation of the
first nucleation theorem by Reiss [14], with more detailed derivations
provided by Ford [15], Bowles et al. [17], and an essentially identical de-
rivation by ten Wolde and Frenkel [47] and MacDowell [18], which is
summarised below.

Let us consider a system characterised by the temperature T, chemical
potential µv, and volume V . The grand canonical partition function for
this system reads as

Ξ(µv ,V, T) �
∞∑

N�0

e−µv N/kBTQ(N,V, T), (3.26)

where

Q(N,V, T) �
∫

V
e−φ(r

N)/kBTdrN

Λ3N N !
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is the N-particle canonical partition function after integration over mo-
menta; φ is the potential energy of the configuration with coordinates rN

and Λ the thermal de Broglie wavelength. We now divide the molecules
between the vapour and a cluster: N � Nv + g. Probability to find exactly
g molecules in the system is given by

P(g) � e−µv g/kBTQ(g ,V, T)
Ξ(µv ,V, T)

. (3.27)

The Landau free energy, i.e. a shifted grand potential∆Φ(g) � −kBT ln P(g)+
kBT lnΞ(µv ,V, T), can be associated with the probability distribution P(g):

∆Φ(g) � −kBT ln
[
eµv g/kBTQ(g ,V, T)

]
� −µv g + F(g ,V, T), (3.28)

where F is the Helmholtz free energy.13 The Landau free energy difference
between two number of molecules in a restricted system, e.g. a cluster,
is now ∆∆Φ � ∆Φ(g2) − ∆Φ(g1) � −µv∆g + F(g2,V, T) − F(g1,V, T) that
immediately gives (

∂∆∆Φ

∂µv

)
T,V

� −(g2 − g1) ≡ −∆g. (3.29)

This result holds for any g1 and g2, and thus it holds also when we choose
g2 � g∗

sm and g1 as the number of homogeneous vapour molecules occupy-
ing the same space, which gives us the work-form of the first nucleation
theorem. Similarly, we can derive the extension of the first nucleation the-
orem [93] for cases where some stable precritical clusters are present in
volume V .

A more detailed discussion was provided by Bowles et al. [17], who noted
that in order to split the potential energy and thus factorise the Landau
free energy into cluster and vapour contributions to arrive with Eq. (3.28),
one has to assume an ideal vapour phase. Thus, while it seems that the
statistical mechanic derivation is completely general, as it apparently holds
also for nonstationary and compressible clusters, there are some implicit
limitations concerning the validity of Eq. (3.29).

13Physical interpretation of∆Φ(g) is the free energy (grand potential) required to create
a g-mer into volume V minus the free energy of homogeneous vapour described by µv

and T occupying the same volume.
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3.A.2 On slope analysis

Already Nielsen [11, Chap. 2] noticed that over a limited range of concen-
trations, it is possibly to express the nucleation rate as J � k[A]P, where
[A] is the concentration of nucleating species A and the nucleation expo-
nent P equals to the number of molecules in the critical cluster g∗. He
commented that in this case one can interpret (∂ ln J/∂ ln[A])T also as the
reaction order, as ordinarily done in the studies of chemical kinetics. In the
context of atmospheric NPF, conclusions concerning the actual nucleation
mechanism based on a such “chemical picture” were first given by Weber et
al. [95], who found that J deduced from the field experiments had a second-
order dependence of [H2SO4], implying that collisions of two clusters, both
containing one H2SO4 molecule each, were the rate-determining step for
NPF.

There exists, in fact, a profound analogue between nucleation and chem-
ical kinetics, as we can always mode unary nucleation as an equilibrium
reaction14

A + · · · + A︸¨̈ ¨̈ ¨̈ ¨̈︷︷¨̈ ¨̈ ¨̈ ¨̈︸
g molecules

⇌ Ag ≡ C. (3.30)

For such reactions, the reaction rate can be defined as

Jg �
1
V

∂[C]
∂t

≈
∂ fg

∂t
, (3.31)

where fg is again the concentration of g-mers in volume V , and the latter
form holds if V remains constant [e.g. 96, Chap. 15]. The reaction rate can
now be written in terms of concentrations as

Jg � k+[A]g − k−[C], (3.32)

where k+ and k− are the forward and backward rate coefficients. If now
the forward rate dominates over the backward rate, direct evaluation of
the relative rate sensitivity with respect to the precursor concentration at

14However, in case of a true equilibrium reaction, forward and backward reaction rates
are equal, while for nucleation they are not. Only the probabilities for the critical cluster
to grow or decrease are assumed to be equal.
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g � g∗ results in the first nucleation theorem in form(
∂ ln Jg∗

∂ ln[A]

)
T,V

� g∗ (3.33)

as k+ and k− are independent of [A].15 Equation (3.33) differs now from
the thermodynamic and statistical mechanic nucleation theorems in two
aspects. First, there is no contribution from the old phase, i.e. g∗

� ∆g∗

here. Secondly, there is no kinetic contribution due to prefactor, which
follows from the assumption that [C] does not depend on [A], which
obviously makes a significant difference if g∗ is small. This assumption is
common to all approximations leading to irreversible dynamics and those
behind transition-state theory, either of these which might have motivated
the development of collision-limited nucleation treatments.

Analogue between chemical kinetics and nucleation extends beyond the
first nucleation theorem. If we consider E∗ as the activation energy for the
reaction above, we have (

∂ ln k

∂T

)
[A]

�

E∗

kBT2
, (3.34)

where k is the net reaction-rate constant. Equation (3.34) is obviously a
statement of the second nucleation theorem. Chemical kinetics even sug-
gests for a proper identification of E∗ either as a difference in the internal
energy (∆U∗), if the reaction-rate constant k refers to a rate expression
given in terms of concentrations, or the enthalpy (∆H∗), if the rate expres-
sion is given in terms of partial pressures. Furthermore, a more detailed
expression in a manner to Eq. (3.15) follows from the transition-state theory
[96, p. 450 and 458]. Consideration of the equilibrium constant K for the
vapour–liquid equilibrium results in an analogue of the third or pressure
nucleation theorem, a result that bears a close connection to the kinetic
derivations of the first and second nucleation theorems [cf. Eq. (8.36) in
96].

15In a more general case,

(
∂ ln Jg

∂ ln[A]

)
T,V

�

k+g[A]g − k−[A]
(
∂[C]
∂[A]

)
T,V

k+[A]g − k−[C] ,

and the direct correspondence with the first nucleation theorem is lost.
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4 Displacement barrier heights from
the experimental nucleation rate
data1

Nucleation phenomena have a great importance in many areas
of science. However, the main theoretical tool to analyse these
phenomena, the classical nucleation theory (CNT), has its known
weaknesses. Two decades ago a nucleation theorem based
correction to CNT was developed [R. McGraw and A. Laak-
sonen. Scaling properties of the critical nucleus in classical and
molecular-based theories of vapor–liquid nucleation. Physical
Review Letters 76 (1996), 2754–2757]. We have reanalysed the
experimental nucleation rate data of two homologous series
of molecular fluids in terms of this scaling relation. Our first
results suggest a possible universal functional form for the cor-
rection to the temperature dependence of CNT.

1This chapter incorporates the article J. Malila, A.-P. Hyvärinen, Y. Viisanen and A.
Laaksonen. Displacement barrier heights from experimental nucleation rate data. At-
mospheric Research 90 (2008), 303–312; see also Ref. [1] for a preliminary analysis. Prof.
Mikhail Anisimov, Dr. David Brus, and Dr. Vincent Holten are acknowledged for provid-
ing us with their experimental data in electronic form. We also thank Ms. Riikka Annila,
Dr. Ismo Napari, and Prof. Hanna Vehkamäki for their help with the collection of the
thermodynamic and nucleation rate data.
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4.1 Motivation

Nucleation phenomena are ubiquitous in the Nature. For example, in the
atmosphere, nucleation processes take place in the formation of new ul-
trafine particles in the planetary boundary layer and in the free troposphere
[2], and in ice crystal formation in cloud droplets [3]. These processes have
a potential impact on the radiative forcing of the atmosphere, and thereby
on the global climate [4, 5], and they are subject to direct and indirect an-
thropogenic disturbances. The basic tool to analyse these phenomena is the
classical nucleation theory (CNT) [6, 7]. It has been applied to describe nuc-
leation phenomena in different fields of science more or less successfully
[e.g. 3, 8–11]. However, vapour-to-liquid homogeneous nucleation exper-
iments have indicated that CNT predicts the saturation ratio dependence
of the nucleation rate (i.e. the number of emerging droplets in unit volume
and time) rather well, but fails to predict the temperature dependence of
the nucleation rate. To overcome this problem, several phenomenological
theories have been suggested, which usually can improve CNT predictions
for some substances, but fail to describe the nucleation behaviour of oth-
ers. Here we present results of a nucleation theorem based analysis of
the experimental vapour-to-liquid homogeneous nucleation rate data for a
variety of substances, and discuss the general nature of corrections needed
to bring CNT in unison with the experiments.

4.2 Theory

4.2.1 Classical nucleation theory

According to CNT, the nucleation rate is given by an Arrhenius-type ex-
pression,

JCNT �

√
2γ∞
πm

vlS

(
pe

kBT

)2

e−W∗
CNT/kBT . (4.1)

Here γ∞ is the surface tension, m molecular mass, vl molecular volume
(of the liquid phase), S the saturation ratio and pe the equilibrium vapour
pressure of the nucleating substance. T is the nucleation temperature and
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kB the Boltzmann constant. The nucleation rate J depends exponentially
on the work of formation of the critical nucleus, W ∗, which in the case of
vapour-to-liquid nucleation in the framework of CNT is given as the free
energy cost to create a spherical drop of macroscopic liquid [6, 12], also
known as the capillarity approximation,

W ∗
CNT �

4πR2γ∞
3

, (4.2)

where R is the radius that fulfils the Kelvin equation,

R �

2γ∞vl

kBT ln S
. (4.3)

In Eq. (4.1), the 1/S-correction [13] is included, which makes JCNT satisfy
the law of mass action. It is also assumed that the mass accommodation
coefficient is unity: according to recent reviews [14, 15], this assumption is
valid in the typical case of a liquid droplet nucleating from supersaturated
vapour phase. However, in light of some theoretical [see e.g. discussion
in 16] and experimental [17] results, this assumption should break down
for clusters smaller than roughly 20 molecules, and so it may affect some
of the experimental results analysed here.

4.2.2 Displacement barrier height

Based on the model independent2 first nucleation theorem [for a review,
see 18], (

∂(W ∗/kBT)
∂ ln S

)
T

� −g∗, (4.4)

where g∗ is the excess number of molecules in the critical nucleus, the
classical Kelvin relation (4.3), and a homogeneity assumption, a scaling
relation was derived to give a correction to the CNT prediction of the work
of formation [19]:

−D(T) � W ∗ − W ∗
CNT. (4.5)

This D(T) is known as the displacement barrier height, and it is a function
of temperature only. The displacement barrier height gives the difference

2Or supposedly model independent. . .
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between the observed work of formation and the CNT prediction that can
be attributed especially to interfacial effects, i.e. the size-dependence of
the surface tension [20].

Density functional calculations [19, 21] and Monte Carlo simulations [22]
have suggested that the relation (4.5) holds for homogeneous nucleation
of simple liquids and that for a fixed temperature, D(T) is a constant. Fur-
thermore, they imply that D(T)/kBT is a linear function of the reduced
temperature t. In more recent molecular dynamic calculations [23],3 it has
also been found that D(T)/kBT is a linear function of t for lennard-jonesium
and water for clusters larger than a certain critical size. However, recent
density functional calculations of dimeric and trimeric fluids [24] suggest
that there is a slight size-dependence in D(T) also for larger clusters, which
can be explained by considering D(T) as the dominating term of the poly-
nomial expansion of the free energy difference in Eq. (4.5) [25]. However,
it can be assumed that the deviations in experimental results due to meas-
urement inaccuracies yield more significant error than the omission of
other terms in the expansion, and Eq. (4.5) will be used to reanalyse the
experimental data.

It has been observed that when plotting the experimentally obtained and
CNT predictions of J versus T in a log–log-scale, the resulting lines often
have different slopes and they cross at some point in the measured range.
It seems reasonable that the real nucleation rate is given by an equation
having the same form as Eq. (4.1). Considering computational observa-
tions, and the fact that the kinetic prefactor in Eq. (4.1) varies only weakly
with temperature when compared to the exponential Boltzmann-factor, we
suggest that D(T)/kBT could be extracted from the experimental data as

D(T)
kBT

≈ ln
J

JCNT
� a + bt, (4.6)

where t � T/Tc and Tc is the critical temperature. Equation (4.6) is now
also in agreement with computational studies, as the reduced temperature
scales defined by the critical temperature or parameters of intermolecular
potential functions used in simulations differ only by a constant factor for
any given substance.

3Here is a typo in the original article: also Merikanto et al. [23] performed Monte Carlo
simulations.
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Hale [26] has noted that the temperature-dependent correction with a
similar magnitude than D(T) may also arise from the kinetic prefactor in
cases where it does not vary so weakly with temperature, especially when
this variation is either under- or overpredicted by CNT. The temperature
dependence of the classical prefactor is given (in leading order) by e f (T)/Tn ,
where now both the exponent n ∼ 2 − 3 and the function f (T) depend on
the temperature dependence of the thermodynamic properties γ∞, vl , and
pe , respectively. So the effect of prefactors on the obtained values of a and
b cannot be totally neglected, but in this work the prefactors are assumed
to be similar enough in both J and JCNT and for different substances that
the obtained coefficients a and b are comparable.4

4.3 Data analysis

4.3.1 Thermodynamic properties

To evaluate JCNT at given T and S, Eqs. (4.1)–(4.3), we need to know the
thermodynamic properties of the studied substances. In the nucleation ex-
periments, large supersaturations are needed to produce observable nuc-
leation rates. This often leads to a situation in which not only the mother
phase, but also the new, nucleating phase is in a metastable state. In the
case of vapour-to-liquid nucleation, this means that the clusters of the new
phase are supercooled, and the thermodynamic properties are needed at
lower temperatures than usually reported in the literature. We have re-
viewed the published experimental data and the suggested temperature
dependent fits for different properties (see Tables 4.1 and 4.2 for the ori-
ginal sources of the used fits or earlier critical evaluations when available).
Critical temperatures for H2O and D2O were taken from [27], and for n-
alkanols, recommendations of [28] were followed. The Tc of i-octane is
from [29], and with n-alkanes, we used values taken from the compilation
of Ambrose and Tsonopoulos [30].

The estimated error of JCNT is now due to errors in the used fits for the
thermodynamic. Errors in the fits, for their part, emerge from possible in-

4For the same reason, the vertical axis in Figs. 4.1–4.4 and 4.6 has been labelled as
D(T)/kBT instead of more accurate ln(J/JCNT).
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accuracies in the original measurements, from the suitability of the chosen
model for a given property (e.g. the usage of the Antoine equation for the
equilibrium vapour pressure), inadequate extrapolations, and also from
printing errors. Problems here are illustrated by an example of the density
of supercooled D2O: the fit given by Wölk and Strey [27] follows closely
the experimental values of Hare and Sorensen [31], measured in glass
capillaries. However, the recent small angle neutron scattering (SANS)
measurements of Liu et al. [32] of D2O confined into nanopores, while
extending the measured density values to higher degrees of supercooling,
yield notably smaller densities at overlapping temperatures. These meas-
urements were done for a liquid under the Laplace pressure pp � γp/rp ,
where rp is the radius of the cylindrical nanopore and γp the surface ten-
sion of supercooled D2O–pore interface, and so the SANS measurements
should give higher densities.5 Another examples are the surface tension
and equilibrium vapour pressure of n-nonane [cf. 36, 37], where erroneous
extrapolation of measured values to lower temperatures can lead to sub-
stantially biased estimates for the nucleation work and rate. Comparing
different expressions for different thermodynamic properties for different
substances, the error in JCNT was estimated to be approximately one or two
orders of magnitude, comparable to that of measured values of J.

4.3.2 Experimental nucleation rate data

Since the pioneering work of Wilson [50], a variety of methods has been
developed to measure the nucleation rate J as a function of temperature and
saturation ratio. The most popular ones are based on adiabatic expansion
(expansion chambers and tubes, supersonic nozzles) or diffusive mixing
(static, thermal and laminar flow diffusion chambers) of the mixture of

5There has been some controversy regarding density measurements of water and
heavy water done in nanopores [e.g. 33]. Besides the curved surface of the nanopore
itself, and the effect of hydrogen bonding between hydroxyl groups in the nanoporous
silica and water molecules, there is also a concave water meniscus at the end of nanopores,
causing a negative Laplace pressure in the longitudinal direction. All these factors make
the pressure and density fields inside the nanopore inhomogeneous, complicating the in-
terpretation of the measurements. However, there are some indications that the averaged
density over the nanopore should be comparable to that of a bulk liquid [34], although
the exact nature of this correspondence remains still open to interpretations [35].
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Table 4.1. References for the thermodynamic data used for light and heavy water
and n-alkanols. Symbols are as in the main text except for ρ that is used for liquid
density.

Substance pe ρ γ∞
light water [38] [27] [39]
heavy water [27] [27] [27]
methanol [40] [41]a [42]
ethanol [43] [44] [42]
n-propanol [40] [36] [36]
n-butanol [40] [42] [42]
n-pentanol [40] [45] [42]
n-hexanol [40] [42] [42]
n-heptanol [46] [42] [42]
n-octanol [46] [42] [42]
a Linear fit to tabulated values:

also values reported by Mikhail and
Kimel [47] follow this fit.

Table 4.2. Same as Table 4.1 for alkanes.

Substance pe ρ γ∞
n-heptane [48] [48] [48]
n-octane [48] [29] [29]
i-octane [29] [29] [29]
n-nonane [43] [48] [37]
n-decane [48] [48] [48]
n-dodecane [49] [49] [49]
n-hexadecane [49] [49] [49]
n-octadecane [49] [49] [49]
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the studied vapour and an inert carrier gas. A review of experimental
methods can be found from the article by Heist and He [51], where also
experimental results prior to 1992 have been reviewed. Further information
on the different measurement setups can be found from the cited articles.

The majority of newer references, after early 1990’s, report the actual meas-
ured, nucleation rates with the corresponding temperatures and saturation
ratios. Only this full T, S, J-data were used for analysis. To obtain D(T)
from these data, basic techniques of discrete least squares were applied
to obtain the coefficients a and b in Eq. (4.6).6 Only molecular fluids are
considered in this study. The reason behind this choice is that other flu-
ids used in the experimental vapour-to-liquid nucleation research—metals
and noble gasses—have other problems that tend to complicate the ana-
lysis: metal-nonmetal phase transitions, poor knowledge of the needed
thermodynamic properties, and quantum effects just to mention some.
Also, there is a lot of experimental data of the fluids studied here—normal
and heavy water, n-alkanols and n-alkanes—with nucleation measure-
ments made by multiple techniques.

4.3.3 Pressure effects

There are two kinds of pressure effects present in nucleation experiments.
The first one is merely a computational one, and related to the fitting func-
tions of the equilibrium vapour pressure: due to the exponential depend-
ence of pe on T, even small deviations in parameterisations can produce
large errors in calculated saturation ratios S � p/pe(T), where p is the
measured partial pressure of the nucleating vapour. To overcome this
effect, when different equilibrium vapour pressure fits are used by differ-
ent research groups, we have applied the following correction to all used
experimental data:

Snew �

p

pe ,new(T)
�

Soldpe ,old(T)
pe ,new(T)

. (4.7)

6Generally, the nucleation temperature is better constrained than the nucleation rate in
the experiments. However, as the nucleation temperature is also an estimated quantity, a
more proper treatment would have been to use total least squares or some other bi-variate
least squares variant for the data analysis [cf. 52].
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Here pe ,old(T) is the fit used by the referenced author to calculate the pub-
lished saturation ratios Sold, and pe ,new(T) is the recommended fit that is
used in this article. As we have already noted [46], this is only a partial
correction, since for the results from diffusion based devices and super-
sonic nozzles, one should correct equilibrium vapour pressure fits also to
the equations determining temperature, saturation and flow profiles.

Another reference to pressure effects is made, when the dependence of
the nucleation rate J on the prevailing pressure is discussed. According
to CNT, J should depend only on temperature and the partial pressure of
the nucleating vapour; the pressure of the carrier gas should not have any
effect to the nucleation rate as long as it provides thermalisation for the
nucleating clusters. However, some experiments do suggest that the carrier
gas affects the nucleation rate even when this condition is fulfilled. Here
the main division is between expansion and diffusion based apparatuses.
In diffusion based devices, pressure effects can be seen when the carrier
gas pressure is lowered [53–55] or the carrier gas is changed to another one
with different molecular mass [56]. However, the existence of both upper
and lower bound for suitable operation of diffusion based devices has
been addressed [57]. On the other hand, in expansion based devices, the
observed pressure dependencies are weak and opposite to those observed
in diffusion based devices [53], and usually do not depend on the used
carrier gas [e.g. 58, 59]. Pressure effects in expansion based devices are
usually related to the increasing non-ideality of the mixture of carrier gas
and vapour, invalidating some of the assumptions done when deriving
Eq. (4.1) or analysing the measured data, or to the adsorption of the carrier
gas to the surface of cluster, causing a decrease in the surface tension [54].
As our aim is to study the nucleation of pure substances only, experimental
results that describe nucleation where the carrier gas is also participating
in the formation of the critical nuclei [e.g. 60, 61] are left out.

To get rid off possible pressure effects and other yet undetermined system-
atic errors in the measured data, the nucleation rate data from diffusion
based devices were used only, when the total pressure of the mixture of
vapour and carrier gas in the nucleation chamber has been chosen so high
that no significant pressure effects were observed, when possible [e.g. 45,
53, 55, 62, 63], otherwise data from pressures higher than 1 atm were used.
For expansion based devices, data from high overpressures were not used.
To check the possible existence of the pressure effects, we have compared
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all nucleation rate measurement sets for any given substance (or a group of
similar substances) with each other. Those data that exhibit different tem-
perature dependence from all other measurements of the same substance
or are otherwise inconsistent have been excluded from the further analysis.
The most important group of data showing such systematic deviation from
other data sets has been obtained using the laminar flow diffusion tube or a
similar setup [e.g. 64, 65] at low total pressures. Also some other measure-
ments [66, 67] yield similar results, though reasons for this behaviour are
unknown; possible reasons include, for example, the effect of impurities
and the subsequent “washing effect” [68].7

4.4 Results

4.4.1 Comparison of different measurement devices

In Fig. 4.1 all analysed data for n-pentanol, mostly from the Joint Nucleation
Experiment [71], are given. Measurements included are those of Brus et
al. [54], Gharibeh et al. [72], Hrubý et al. [73], Iland et al. [59], Luĳten et
al. [74], Rudek et al. [45], Strey et al. [75], Schmitt and Doster [76], and
Ždímal and Smoliík [77], and span the largest range of nucleation rates
measured and experimental techniques used for any given substance. It
can be seen that the different measurement methods are mostly consistent
with each others, see also Fig. 6 in the article of Iland et al. [59], or Fig. 8
in the article of Hyvärinen et al. [46], where data left out from this study
[64, 66] are also shown. Also, Ferguson et al. [78] have given a similar
fit in their Fig. 7, where data of Rudek et al. [45] have been recalculated.
These recalculated values are in fact closer to the linear fit given here than
the original data of Rudek et al. [45] shown in Fig. 4.1, especially at high

7In the case of the flow tube at the Finnish Meteorological Institute it was found that
the results are biased due to a flaw in the code used to evaluate the saturation ratio and
temperature fields inside the tube [69]; however, the analysis given here is partially based
on the revised data [62, 63] available when writing the original article. Further insight into
this phenomenon was obtained by Wedekind et al. [70], who pointed out the competing
roles of thermalisation and change in W∗ due to pressure-work on J as function of pressure
(cf. Sec. 3.5).
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Fig. 4.1. Analysed data of n-pentanol, different symbols refer to different meas-
urement techniques: � stands for a static diffusion chamber, © for a nucleation
pulse chamber, + for a piston-expansion tube, ∗ for an expansion chamber, ♦ for
a thermal diffusion chamber, ⊳ for a supersonic nozzle combined with SANS,
⊲ for ean xpansion wave tube, and ▽ for a laminar flow diffusion chamber. For
the coefficients a and b of the fitted line, see Table 4.3. Vertical bar gives the
approximate error for all data points (see text for details).

temperatures (t > 0.45), suggesting the validity of the proposed fit for the
whole temperature range.

In Fig. 4.1 also the estimated average error, two orders of magnitude in
J/JCNT, is given. When we compare this to the results of our scaling,
Eq. (4.6), we notice that i) all measurements made with the same setup
are internally consistent (for the isotherm at t ≈ 0.54, see [78] as discussed
above), and ii) averages of all data sets for each isotherm are within this
error from the fitted line a + bt.
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Fig. 4.2. Analysed data of normal (open symbols and solid line) and heavy water
(filled symbols and dashed line). For the values of coefficients a and b see Table
4.4; different symbols are as in Fig. 4.1 except for⋆ that stands for a laminar flow
reaction tube. Vertical bar gives the approximated error for all data points.

4.4.2 Waters and n-alkanols

In Fig. 4.2, results for normal and heavy water are represented: Experi-
mental nucleation rates for water were obtained from the recent measure-
ments of Holten et al. [39], Kim et al. [79], Labetski et al. [80], Mikheev
et al. [81], and Wölk and Strey [27]. Results for heavy water are derived
from the extensive measurements of Wölk and Strey [27] and from the re-
cent measurements utilising a setup with a supersonic nozzle and a SANS
device [79, 82–84]. Older results of Viisanen et al. [58] [see also 85] and
Miller et al. [86] for H2O are not fully consistent with the more recent
measurements, and are not included.

Results for different n-alkanols from methanol to n-octanol (excluding
n-pentanol) are depicted in Fig. 4.3. These measurements are originally
reported by Brus et al. [53, 62], Gharibeh et al. [72], Graßmann and Peters
[87], Hyvärinen et al. [46, 63], Lihavainen and Viisanen [64, 88], Strey et
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Fig. 4.3. Analysed data of n-alkanols other than n-pentanol. See Table 4.3 for
the coefficients a and b of fitted lines, and for a legend. Vertical bar gives the
approximated error for all data points.

al. [75, 89], and Viisanen et al. [90, 91]. Coefficients a and b, and the qualities
of fits (R2) with the number of data points used for each fit (N) for the n-
alkanols are given in Table 4.3 together with a legend to Fig. 4.3. Despite the
variability of the coefficients a and b, all data of n-alcohols are clustered
roughly within a distance given by the offset of different measurement
setups for any given n-alcohol without significant deviations due to the
carbon number, except for methanol, which is closer to the fits of the waters.

Coefficients a and b are given in Tables 4.3 and 4.4 with error estimates
corresponding to ± standard deviation. Only some outliers do not fall
within these errors. Also it should be noted that the dependence of the
correlation of linear fits does not depend so much on the number of data
points used for one fit (N), but instead on the number of experimental data
sets for one substance, thus also implying that the main reason behind the
scatter of data points are differences in experimental setups. For example,
if the water laminar flow tube reactor data [81], which are evidently outliers
in lower temperatures, are left out from the fit of water, the quality of the
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Table 4.3. Coefficients a and b for n-alkanols to fits shown in Figs. 4.1 and 4.3,
qualities of linear fits (R2), the number of data points for each fit (N), and symbols
used in Fig. 4.3.

Substance a b R2 N symbol
methanol 49.5 ± 3.4 −133.8 ± 7.0 0.969 25 ©
ethanol 72.2 ± 1.1 −149.6 ± 2.2 0.992 78 �

n-propanol 26.8 ± 1.3 −53.7 ± 2.5 0.899 108 ♦

n-butanol 41.7 ± 2.1 −77.4 ± 4.2 0.687 357 ⊳

n-pentanol 81.8 ± 1.0 −164.2 ± 2.2 0.897 1344
n-hexanol 81.3 ± 3.0 −175.2 ± 6.5 0.936 105 ⊲

n-heptanol 65.2 ± 2.1 −124.6 ± 4.7 0.965 54 ▽
n-octanol 41.9 ± 2.7 −92.4 ± 5.9 0.926 42 ⋆

Table 4.4. Coefficients a and b for heavy and normal water from experimental
data with the qualities of linear fits (R2) and the number of experimental data
points (N). Predictions of the scaling relations of Hale [26] and Wölk et al. [92],
the internally consistent theory (ICT) of Girshick and Chiu [93], and “simple
correction” (SC) of Nadykto and Yu [94] for H2O are also compared to that of
CNT: in these cases D(T) � W ∗

scaled/ICT/SC − W ∗.

Substance/scaling a b R2 N
D2O 51.2 ± 0.8 −128.2 ± 2.3 0.936 451
H2O 51.1 ± 2.0 −119.7 ± 5.7 0.725 393
H2O, Wölk 22.8 ± 2.0 −38.1 ± 5.8
H2O, Hale 39.7 ± 2.3 55.7 ± 6.7
H2O, ICT 17.7 ± 2.0 −58.7 ± 5.8
H2O, SC 7.9 ± 2.0 −38.1 ± 6.0
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Table 4.5. Coefficients a and b for n-alkanes and i-octane, qualities of linear fits
(R2), the number of data points for each fit (N), and the legend to Fig. 4.4.

Substance a b R2 N symbol
n-heptane 78.7 ± 2.9 −169.8 ± 5.9 0.989 19 ©
n-octane 91.3 ± 1.9 −172.4 ± 4.3 0.878 465 �

i-octane 34.5 ± 1.2 −47.7 ± 3.0 0.687 265
n-nonane 71.1 ± 0.9 −150.7 ± 2.1 0.995 50 ♦

n-decane 93.1 ± 869.0 −187.9 ± 1627.5 0.057 5 ⊳

n-dodecane 66.3 ± 5.2 −135.0 ± 11.3 0.934 22 ⊲

n-hexadecane 98.9 ± 3.0 −196.8 ± 6.6 0.983 33 ▽
n-octadecane 97.0 ± 2.6 −195.3 ± 5.9 0.981 44 ⋆

fit, R2, increases from 0.725 to 0.920. Errors in coefficients a and b for water
and n-alcohols also correspond reasonably with estimated average errors
in D(T) due to experimental errors in nucleation rate measurements and
inaccuracies of the thermodynamic parameterisations, also shown in left
lower corners of Figs. 4.2 and 4.3.

4.4.3 n-Alkanes

Results for n-alkanes from n-heptane to n-decane from the measurements
of Doster et al. [29], Hung et al. [37], Rudek et al. [48], and Viisanen et
al. [91], as well as for n-dodecane, n-hexadecane, and n-octadecane [49],
are given in Fig. 4.4 and in Table 4.5, where also the results for i-octane
from the measurements of Doster et al. [29] are shown for comparison. It is
interesting to note that higher n-alkanes seem to follow the general trend of
lower n-alkanes well, although Rusyniak et al. [49] found a poor correlation
between the nucleation theorem and the CNT, as the obtained g∗ from the
first nucleation theorem were significantly larger than predicted by the
CNT, implying that the displacement barrier height analysis might not be
applicable in this case. Also their total pressures were lower than 1 atm,
which may have caused significant pressure effects.

Again, the reported errors of coefficients in Table 4.5 do reproduce the ex-
perimental variation and correspond to the estimated error of D(T) due to
measurement inaccuracies and uncertainties in the used thermodynamic



104 4. D(T) FROM MEASUREMENTS

0.35 0.4 0.45 0.5 0.55
−20

−10

0

10

20

30

40

D
(T

)/
k B

T

t

Fig. 4.4. Analysed data of n-alkanes. See Table 4.5 for the coefficients a and b of
fitted lines, and for a legend. Vertical bar gives the approximated error for all data
points.
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data, with the exception of n-decane. The very large error estimates of
n-decane originate from the fact that practically only the measurements
of Rudek et al. [48] at a single temperature satisfied the condition that the
total pressure wa larger than 1 atm. Comparison of the measurements of
n-octane using an expansion chamber [29] and a thermal diffusion cham-
ber [48] (black squares in Fig. 4.4) shows that although there is a similar
temperature dependence, there is a significant offset of the results, which
is comparable to the differences between different alkanes (the results for
i-octane, which are not shown in Fig. 4.4, agree with n-alkanes in the
measured temperature range), and forces the coefficient b to have a smaller
value than could be deduced from a single dataset.

Rusyniak et al. [49] have also given practically the same correlation than
our Eq. (4.6). However, their values for a and b differ somewhat from those
proposed here; the most probable reason for this departure is that they
have used values J/JCNT in their fit,8 whereas we have used ln(J/JCNT).

4.4.4 Correlation of the coefficients a and b with molecular

properties

Correlations of the obtained coefficients a and b with molecular mass (m),
dipole moment (µ), the acentric factor (ω) [95], and the Boyle temperature
(TB) are given in Fig. 4.5. Molecular masses were calculated assuming a
natural isotopic composition, except for D2O. Molecular gas phase dipole
moments were taken from the critical compilations of Mallard [41], Lide
[96], and Abboud and Notario [97] for waters, lighter n-alkanols, and
alkanes, respectively. For n-alkanols from n-pentanol to n-octanol, reliable
values of molecular dipole moments in the gas phase were not available
from the literature, and the values provided by El-Hefnawy et al. [98] for
infinitely dilute solutions were used instead. Boyle temperatures for most
substances were obtained from Estrada-Torres et al. [99]. There seems to
be no clear correlation between the coefficients and the mass (or carbon
number) of the molecule, its dipole moment (which can be used as a rough
estimate of hydrogen bonding), acentric factor, nor the Boyle temperature.
Neither isotopic composition (H2O vs D2O) nor isomerism (n-octane vs.

8Which is indeed the preferable way to perform least squares fitting, as the distribution
of errors remains approximately Gaussian. . .
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Fig. 4.5. Correlations of coefficients a and b with molecular properties. Waters
are marked with ×, homologous series of n-alkanols with © and that of n-alkanes
and i-octane with � .

i-octane) seems to differentiate the coefficients a and b either, although
subsequent studies of multiple isotopes or isomers would be needed to
confirm this claim.

4.5 Discussion

4.5.1 On the universality of D(T)

According to the results depicted in Figs. 4.1–4.4 and Tables 4.3–4.5, the
experimental nucleation rate data can be reasonably described by a linear
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function a + bt when using the reduced variables D(T)/kBT and t. For all
studied substances, the variation of the parameters of this fit is mainly de-
termined by the experimental method used to measure the nucleation rate,
and it is not very sensitive to the molecular mass of the studied substance
nor even to the degree of hydrophobicity or the nature of bonding between
molecules (van der Waals or hydrogen bonds). However, it is possible to
classify the waters and methanol into one group, and other n-alkanols and
alkanes to another one, suggesting the importance of the release of latent
heat to the nucleation process [75]. In fact, the given data can be presented
by a function

D(T)
kBT

� 75 − (160 ± 30)t, (4.8)

where the ±30 variation in b corresponds now twice to the maximum
deviations between different measurement setups for one given substance.
The above correlation, together with the fact that all individual correlations
yield negative values for b, implies that the temperature dependence of
CNT is generally overpredicted, at least for molecular fluids (and metals)
studied here.

The found values for a and b give now the possibility to estimate the
nucleation rate using only thermodynamic parameters from laboratory
measurements in form

ln J � a + b
T

Tc
+ ln JCNT. (4.9)

4.5.2 Comparison with other measurements and scaled and

phenomenological models

Kacker and Heist [100] have used a similar approach as ours to correlate the
function A+B/T with the deviation of the nucleation work from its classical
value, Eq. (4.2), for ethanol and n- and i-propanol. Their results imply
factors corresponding to our D(T)/kBT from approximately 240 to −70,
which extends the range of our scaling for the same substances by many
times. It should be noted that also other researchers have used similar
functional forms for the correction factor [75, 92]. However, these results
are not directly comparable to ours as the parameters fitted to different
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functional forms are not usually comparable. More recently, McGraw
([101], see also [102]) has argued that the form A+B/T can also be retrieved
from ln(J/JCNT), and that this form is consistent with the second nucleation
theorem and the Arrhenius-type temperature dependence of J. However,
depending on the assumed temperature dependencies of σ, ρ, and pe in
Eq. (4.1), it is also plausible to reach the same conclusion from our analysis.
McGraw [101] has also used principal component analysis to estimate ln J
as a function of 1/T and ln S. When comparing the quality of these fits to
those utilising Eq. (4.6) with the same sets of experimental data, we find
that the method presented in this article gives better fits for the water data
of Wölk and Strey [27] and the methanol data of Strey et al. [75] (R2

� 0.964
and 0.969 vs. 0.94 and 0.89), but does not fit the n-hexanol data of Strey et
al. [75] so well (R2

� 0.936 vs. 0.97).

Also other scaled models of nucleation have been proposed [103]. The most
successful one so far has been the scaling relation originally proposed by
Hale [104, 105]. We have compared results of Eq. (4.6) to those of Hale [26]
and Wölk et al. [92] for water. Results are shown in Table 4.4. The scaling
proposed originally by Wölk et al. is in reasonable agreement with the
experimental data, especially at the centre of experimental interval. Hale’s
scaling, on the other hand, seems to overpredict D(T). In other words,
the prediction of the temperature dependence of J in Hale’s theory (with
Ω � 1.47) differs from the measured data to other direction than CNT.
Besides water, scaling analyses of other substances are readily available
from the literature, for example Rusyniak and El-Shall [106] have given a
detailed analysis of the scaling of nucleation rate data of higher n-alkanes
according to Hale’s [104] theory.

Besides other scaling or correction models, results using two different
phenomenological theories of nucleation, the internally consistent theory
(ICT) of [93] and “simple correction” (SC) of Nadykto and Yu [94], were
compared to the results of the displacement barrier height scaling with
respect to CNT. Results for water are again given in Table 4.4. These results
show that for water, ICT most closely predicts the nucleation rate when
compared to other theories discussed here. However, the agreement is
not as perfect as found by Merikanto et al. [23] for simulated water, who
noticed that D(T) in their simulations for water was given exactly by the
internal consistency correction of Girshick and Chiu [93] for clusters larger
than approximately ten molecules. We also confirm that SC gives a sur-
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prisingly good estimate for the water nucleation rate despite its somewhat
heuristic origins. Further comparisons between different phenomenolo-
gical theories and experimental data can be found from the literature [e.g.
94].

4.6 Conclusions

According to our results, a theoretically based temperature dependent cor-
rection to CNT can be given as a linear function using reduced variables
for molecular fluids. Furthermore, the temperature dependence of this
correction seems to be of universal nature, as it is affected by the exper-
imental technique to measure the nucleation rate at least as much as the
studied substance. These findings suggest a possibility to develop a uni-
versal correction for nucleation rates. Future work will be needed to check
this theory against other substances besides those used in this study and
to check the possibility to extent it to mixtures.

4.A Addendum: D(T)-scaling for metals

Besides organic molecular fluids and waters, vapour-to-liquid nucleation
experiments have performed also on “simple” fluids, like argon [for a re-
view, see 107, Chap. 10, and also 108] and nitrogen [108–111], and on
various metals [see, e.g., Refs. 112, 113, and references therein]. For a com-
parison, we [114] have performed the displacement barrier height analysis
also for the homogeneous nucleation rate measurements of mercury [115]
and caesium [116, 117], which results are depicted in Fig. 4.6.9 Sources of
thermodynamic data needed for the analysis are given in Table 4.6.

9We have also carried out a similar analysis of argon nucleation rates [118]; however,
it turned out that the calculated D(T)-values posed too large scatter for a meaningful
estimation of parameters a and b. Homogeneous nucleation of bismuth would also
be an interesting test for the assumptions of the D(T)-scaling, as the bismuth vapour
is dominated by dimers [e.g. 119]; unfortunately, the available experimental data [113]
are not i) completely independent from the CNT, and ii) cover only J evaluated at two
conditions.
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Table 4.6. Same as Tables 4.1 and 4.2 but including also Tc for Ce and Hg.

Substance pe ρ γ∞ Tc

caesium [116] [116] [116] [96]
mercury [120] [120] [121] [122]
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Fig. 4.6. D(T)-analysis for mercury (+, ∗) and caesium (�, ♦).
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For mercury, only data points below t � 0.2 (marked with + in Fig. 4.6),
which were treated differently already in the original analysis of the raw
measurement data [115], were included into analysis: At higher temperat-
ures, a likely explanation for the discrepancy is that larger critical clusters
are metallic, whilst smaller critical clusters at lower temperatures are non-
metallic [115, 122]. Obviously there is now some inconsistency in the ana-
lysis, as thermodynamic properties of bulk, metallic liquid are assumed.
The linear scaling of D(T)/kBT, however, produces a reasonable fit to meas-
urements below t � 0.2, yielding a � 188.162 and b � −100.166 (if all data
are included, the resulting coefficients are a � −1621.29 and b � 11265.682).
For caesium, both data sets [116, 117] follow the same linear correlation
with a � −6.289 and b � −166.849. Negative value for a implies that, in
contrast to other studied substances, CNT does not predict the nucleation
rate of caesium correctly anywhere in the studied temperature range.
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5 Losses of sub-critical clusters
and the first nucleation theorem1

Despite recent advances in monitoring nucleation from a va-
pour at close-to-molecular resolution, the identity of the critical
cluster, forming the bottleneck for the nucleation process, re-
mains elusive. During past twenty years, the first nucleation
theorem has been often used to extract the size of the critical
cluster from nucleation rate measurements. However, deriv-
ations of the first nucleation theorem invoke certain question-
able assumptions that may fail, e.g., in the case of atmospheric
new particle formation, including absence of sub-critical cluster
losses and heterogeneous nucleation on pre-existing nanoparticles.
Here we extend the kinetic derivation of the first nucleation
theorem to give a general framework to include such processes,
yielding sum rules connecting the size dependent particle form-
ation and loss rates to the corresponding loss-free nucleation
rate and the apparent critical size from a naïve application of
the first nucleation theorem that neglects them.

1This chapter incorporates the article J. Malila, R. McGraw, A. Laaksonen and K. E. J.
Lehtinen. Communication: Kinetics of scavenging of small, nucleating clusters: First
nucleation theorem and sum rules. Journal of Chemical Physics 142 (2015), 011102. Dr.
Vitaly Shneidman for discussions and the Magnus Ehrnrooth Foundation for providing
the travel grant to visit Brookhaven National Laboratory (BNL) are acknowledged. Work
at BNL was supported by the Atmospheric Systems Research (ASR) Program of the US
Department of Energy.
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5.1 Introduction

First-order phase transformations via nucleation are encountered in a vari-
ety of natural and technological processes. The vapour-phase synthesis
of nanoparticles with prescribed properties for subsequent assembly into
novel nanostructures is one application [1]. In the Earth’s atmosphere, the
formation of new particles and their growth into cloud condensation nuc-
lei give rise to feedback processes that modulate cloudiness, precipitation,
and climate [2, 3]. The reliable modeling of such processes requires going
beyond classical phenomenology towards a molecular-level description.
To this end the development of so-called nucleation theorems has been
particularly effective [for a review, see 4], however, in their current form,
these theorems rely on restrictive assumptions that limit their use mainly
to interpretation of carefully controlled laboratory measurements. Here
we derive extended forms of the first nucleation theorem, and related sum
rules, to include loss of molecular clusters from a prescribed nucleation
and growth sequence. Loss can be due to scavenging by background aer-
osol and/or container walls, or removal from the nucleation volume by
diffusion or phoretic forces. We also include the possibility that clusters,
especially ones of sub-critical size, are lost due to their serving as heterogen-
eous condensation sites in a way that opens up new off-sequence channels
for new particle formation. These results have direct consequences for the
interpretation of atmospherically relevant field and laboratory measure-
ments.

5.2 Theory

As demonstrated by Bowles et al. [5], these theorems—with emphasis on
the first nucleation theorem,(

∂∆Wg∗

∂µv

)
V,T

� −∆g∗
+ 1 (5.1)

—are a direct consequence of the law of mass action for nucleation from an
ideal vapour. Wg∗ is the work needed to form a cluster of critical size,∆g∗ is
the excess number of molecules in the nucleus over that present in the same
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volume of parent phase andµ is the chemical potential of nucleating species
present in the parent phase. Under typical laboratory and atmospheric
conditions ∆g∗ can be approximated by the thermodynamic critical size
g∗, which is given in the classical nucleation theory by the minimum of
the constrained equilibrium distribution of g-mers (clusters containing g
monomeric units of condensed phase), ng � n1e−∆Wg/kBT , where n1 is the
number concentration of monomers. The connection with nucleation rate
measurements is achieved by expressing the nucleation rate in Arrhenius-
form, J � Ke−∆Wg∗/kBT , where the prefactor K should take into account
the law of mass action. These relations, involving the reversible work of
cluster formation, can be described as thermodynamic nucleation theorems.
Alternatively, kinetic nucleation theorems can be derived directly from the
master equation approach to nucleation kinetics using the law of mass
action and detailed balance [6, 7].

A detailed kinetic treatment of homogeneous nucleation was presented
by Farkas [8], following Szilárd’s suggestion that clusters grow or decay
by absorbing or evaporating a monomer. This simplification does not
usually compromise the accuracy of the theory, as in a typical case of
vapour–liquid nucleation the collisions with monomers dominate the total
number of collisions encountered by g-mers. Letting fg denote the actual
population of g-mers, the net forward flux between adjacent sizes, say g
and g + 1, is given as

Jg � βg f1 fg − αg+1 fg+1 (5.2)

where βg is the addition rate of a monomer to a g-mer, and αg is the evap-
oration rate of a monomer from a g-mer. The detailed balance condition,
βgng f1 � αg+1ng+1, where f1 is the actual monomer concentration, which
we hold as constant equal to n1, is used to eliminate the evaporation rate:

Jg � βg f1ng

(
fg

ng
−

fg+1

ng+1

)
≡ pg

(
ug − ug+1

)
. (5.3)

The new variables, forward rates pg and the normalised concentrations ug,
are introduced for subsequent use. Dividing both sides of Eq. (5.3) by pg

and summing for g � 1, . . . ,G, where G is a sufficiently large integer with
boundary conditions uG � 0 and u1 � 1, and noticing that Jg is constant
(J) for all g when no losses are present, we arrive at the Becker–Döring [9]
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result

J �
©
«

G−1∑

g�1

1
pg

ª®¬
−1

. (5.4)

The remarkable fact of this well-known result is that it depends only on
βg—determined from kinetic theory—and ng.

For an ideal vapour, incorporating the law of mass action µg � gµ, or
ng ∝ n

g

1 , the following result is obvious:[
∂ ln(n1ng)
∂ ln n1

]
T

� g + 1. (5.5)

As defined here, βg does not depend on n1 [see Eq. (5.3)] and substitution
of this last result into Eq. (5.4), with pg � βgn1ng, gives the kinetic version
of the first nucleation theorem [6, 7],(

∂ ln J

∂ ln n1

)
T

� ḡ + 1, (5.6)

where the kinetic critical size is defined as an expectation value ḡ �∑G−1
g�1 P(g)g with respect to the normalized 1/pg distribution

P(g) � 1
pg

©«
G−1∑

g�1

1
pg

ª®¬
−1

. (5.7)

Although the first nucleation theorem has been tested well in cloud cham-
ber studies of single-component and binary nucleation [10], recent atmo-
spherically relevant field [11] and laboratory [12–14] studies of sulphuric
acid driven nucleation have produced inconsistent results; suggesting, for
example, that new particle formation may occur via activated (with bar-
rier) or purely kinetic (without barrier) mechanisms under nearly identical
experimental conditions. Several possible reasons for this behavior have
been suggested, including problems related to the experimental detection
of freshly nucleated clusters [12] and the influence of other trace vapours
[13–17] on the new particle formation rate [18]. Recent simulation studies
have underlined the effect of wall and coagulation losses—and alternative
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J1 J2 J3 JG−1

L2 L3 L4 LG−1

Fig. 5.1. A schematic description of the Szilárd process with losses.

growth paths including addition of clusters containing several H2SO4 mo-
lecules [19]—on the interpretation of the first nucleation theorem [20, 21],
an effect that has not been yet fully accounted for when applying the first
nucleation theorem to laboratory or atmospheric measurements [3].

To extend the kinetic nucleation theorem for cases with losses we apply the
discrete model of McGraw and Marlow [22], which is more appropriate at
small cluster sizes than corresponding continuum presentations [23] and
allows cluster growth by condensation, evaporation, and size-dependent
cluster losses. Net fluxes between g-mer and (g + 1)-mers are still given
by Eq. (5.3), but each g-mer is additionally scavenged at rate Lg. The
assumption of linear dependence of Lg on fg , Lg � qg fg, where qg is the rate
coefficient that can apply to each of the loss mechanisms mentioned above,
but not to removal by self-coagulation or production of smaller clusters
through fragmentation, allows derivation of a closed-form solutions for
the relative sensitivities of rates Jg with respect to n1 (see Sec. 5.A for
additional analytic results).2

Prior to consideration of more complex systems, it is worthwhile compar-
ing the thermodynamic and kinetic approaches underlying derivation of
Eqs. (5.1) and (5.6), respectively. Both approaches are extendable to mul-
ticomponent nucleation with the kinetic approach having advantage of
working with a directly measurable quantity, nucleation rate. The essential
difference is that thermodynamic nucleation theorems focus on extrema

2Linear loss term was first introduced into Eq. (5.10) by Becker and Reiss [24], who
studied the effect of diffusion loss from the nucleation zone of thermal diffusion cloud
chamber. The same correction was also independently considered by Fishman [25] in
connection to the crystallisation of glasses and the nucleation of electron–hole liquid from
excitons in a semiconductor. Friedlander [26, 27] was first to apply it on coagulation losses
of atmospheric clusters, though he continued to assume a kinetic nucleation mechanism
before developing theory further.
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of the free-energy surface whereas the kinetic approaches work with rate
coefficients and the (possibly multiple) pathways over which nucleation
can occur [cf. 28]. From the kinetic viewpoint, the overall rate sensitivity
for a complex system can often be expressed simply as a flux-weighted
average of sensitivities over dominant paths [7].

Using now the model described in Fig. 5.1, we derive two sum rules for the
nucleation rates: First, from Eq. (5.3) we get

G−1∑

g�1

Jg

pg
�

G−1∑

g�1

(ug − ug+1) � u1 − uG � 1. (5.8)

Multiplying both sides by J �
(∑G−1

g�1 1/pg

)−1
from Eq. (5.4) yields the first

sum rule:
G−1∑

g�1

P(g)Jg � J̄g � J, (5.9)

that is, at steady state the P(g)-averaged transition rate equals the ho-
mogeneous nucleation rate without losses. As the fluxes in Fig. 5.1 are
conserved, at each size g,

Jg � Jg−1 − Lg. (5.10)

Equations (5.9) and (5.10) imply that the net forward rates at small sizes
are larger than the corresponding loss-free rates, and smaller at large sizes
[29]. The addition of cluster loss tends to promote the assumption of steady
state used in the derivation of Eqs. (5.9) and (5.10). This is because cluster
losses actually drive the system towards steady state faster than would oth-
erwise happen without the loss [30]. Additionally, it has been shown that
background aerosol, which increases scavenging loss, widens the stability
range of steady-state conditions in dynamical systems involving coupled
nucleation and growth [31].

Taking the derivatives of both sides of Eq. (5.9), completing the logarithms
of differentials, and applying Eqs. (5.5)–(5.7) to evaluate the derivatives of
pg, J, and P(g) we get after some algebra the second sum rule:

G−1∑

g�1

[(
∂ ln Jg

∂ ln n1

)
T,{qg }

− g

]
P(g)Jg � J. (5.11)



5.3. RESULTS AND DISCUSSION 129

10−3

100

103

106

109

0 10 20 30
g

J g
/J

b

b

b
b
b
b
b
b
b
b b b b b b b b b b b b b b b b b b b b b

r

r

r
r
r
r
r
r
r r r r r r r r r r r r r r r r r r r r r r

u

u

u
u
u
u
u u u u u u u u u u u u u u u u u u u u u u u u

0.5

1.0

1.5

0 20 40 60 80 100

g

J g
/

J

b
b
b
b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b

r
r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r r

u
u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u u

• A � 0.72 m−1 � A � 0.0072 m−1

N A � 0.000072 m−1

Fig. 5.2. Normalised formation rates of a g-mer as a function of g and A at S � 10.
Dashed line denotes Jg � J. Inset shows in linear scale how in the case of large
losses Jg ≤ J for large g.

This sum rule involving both rates and rate sensitivities can be seen as a
generalization of the kinetic first nucleation theorem, as Eq. (5.11) reduces
to Eq. (5.6) for the loss-free case with J � Jg. It should be noted that
Eqs. (5.9) and (5.11) do not depend on the nature of losses as long as
self-coagulation and fragmentation of clusters can be neglected.

5.3 Results and discussion

To illustrate the new sum rules we perform calculations for a model con-
densable vapour—a proxy to ethanesulfonic acid that facilitates compar-
ison with previous work [22–24, 32, 33]. Table 5.3 lists properties of the
model compound. Losses of clusters are taken to be due to Brownian
coagulation with background aerosol with specific surface area density
A varying from particle-free conditions (A � 0 m2/m3) to a high value
of A typical of a severe duststorm; an intermediate value A � 0.072 m−1,
which gives a loss rate comparable to the diffusion loss from the nucleation
zone in a thermal diffusion cloud chamber [24], was used in earlier work
[22]. Fuchs surface areas [34] are implied throughout. Results are shown
in Figs. 5.2 and 5.3. Figure 5.2 shows that the net growth rates can be
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considerably larger with loss than without for clusters of sub-critical size.
This behavior can be rationalized by the fact that the loss channel is more
important for clusters that are, in effect, trapped by the thermodynamic
barrier and thus have more time to experience loss. Super-critical clusters
are able to grow much faster and thus do not get lost that efficiently at any
given size. Similar behavior is seen in continuous models for nucleation
with loss [32, 33].3 As can be seen by comparing Figs. 5.2 and 5.3(a), qual-
itatively similar behavior is observed whether the loss rate is increased
by increasing A at fixed S (Fig. 5.2) or the saturation ratio is decreased at
fixed A [Fig. 5.3(a)]. This similarity is related to the importance of a non-
dimensional loss parameter, L � A/(A1 f1), where A1 is the surface area
of a monomer, introduced independently in slightly different contexts in
Refs. [22] and [34]. In what follows, only the effect of a varying saturation
ratio at fixed background aerosol surface area is considered.

Figure 5.3(b) shows size dependent sensitivities of ln Jg with respect to
ln n1 at constant T [term in parenthesis in Eq. (5.11)] as a function of g
(filled symbols). The result, if naïvely interpreted, would indicate an ap-
parent critical size ( g̃) that can differ appreciably from the kinetic critical
size determined in the loss-free case ( ḡ), which, in turn, is very close to
the actual number of molecules in the critical nucleus, g∗, of homogeneous
nucleation theory. For the smallest clusters, the apparent critical size de-
pends linearly from the size at which the rate is determined, i.e. g̃ ≈ g
(see the supplement for computational details). For clusters larger than
ḡ, slight overestimates are obtained. Thus, it is possible to obtain estim-
ates g̃ biased into either direction, if the effect of loss is neglected. The
quantitative deviation depends in a complicated manner on pg and qg

[Eq. (5.18)].

An interesting feature that is apparent from Figs. 5.2 and 5.3 is that the first
nucleation theorem seems to approximately hold if applied to the rate Jḡ

determined at the loss-free kinetic critical size ḡ. However, it is premature
to say whether this behavior is of general nature, or a consequence of the
model system; the effect of losses on the gradient ug − ug+1 is mainly
important at sizes smaller than ḡ [see, e.g., Fig. 5.4(b)]. It would also be

3Perhaps the most obvious physical interpretation for such an apparently counterin-
tuitive result follows from the diffusion analogy: losses of consecutive sub-critical cluster
populations increase the gradient ug − ug+1 affecting Jg more at small g than the decrease
of the net forward rate pg that plays the role of the diffusion coefficient.
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Fig. 5.3. (a) Normalised formation rates of a g-mer as a function of g at different
saturation ratios with a fixed A � 0.0072 m−1. (b) Apparent results g̃ of naïvely
applied first nucleation theorem as a function of cluster size g, note the linear
regime for small g. Open and filled symbols refer to loss-free and lossy cases,

respectively. (c, d) Distributions P(g)Jg/J and
[ (
∂ ln Jg/∂ ln n1

)
T,{qg} − g

]
P(g)Jg/J

(markers and values at left axes) and their cumulative sums (for lossy cases only;
histograms and values at right axes). In all panels, yellow vertical lines indicate
the locations of the loss-free critical sizes ḡ from Eq. (5.6).
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possible to define a kinetic critical size for the lossy case, ĝ, by averaging
g with respect to the generalized distribution P(g)Jg/J: in such case the
second sum rule could be written as (for derivation, see the supplement)

ĝ + 1 �

G−1∑

g�1

JgP(g)
J

(
∂ ln Jg

∂ ln n1

)
T,{qg}

. (5.12)

As can be interpreted from Fig. 5.3(c), at least for our model cases ĝ is
well approximated by ḡ. However, there is no unambiguous physical
interpretation of ĝ, as there is no single rate limiting step corresponding
the bottleneck for the observed nucleation rate, though the thermodynamic
critical size g∗ appears in the theoretical estimates for the transient time
scale of nucleation also in such case [30, 35, also V. I. Shneidman, personal
communication, 2013.].4

Figures 5.3(c) and (d) demonstrate the first and second sum rules, respect-
ively. In Panel (c), the distribution P(g)Jg/J, generalizing Eq. (5.7), is given
together with its cumulative sum. These cumulative sums are given for the
cases with loss only: under loss-free conditions it is clear that the cumu-
lative distributions approach unity as the distribution P(g) is normalized,
in the case of Panel (c), and the second sum rule, demonstrated in Panel
(d), reduces to Eq. (5.6). These figures show the effect of applying the first
nucleation theorem to the formation rates of clusters of different size, and
illustrate the validity of Eqs. (5.9) and (5.11) for a realization of the flux
network model illustrated in Fig. 5.1.

In a recent simulation study with qualitatively similar findings, Ehrhart
and Curtius [21] used the SAWNUC sulphuric acid–water nucleation [37]
model to study sensitivity of nucleation rate to changes in vapour phase
sulphuric acid concentration as a function of cluster size and scavenging
rate. Similar behavior was also seen in simulations of the binary sul-
phuric acid–ammonia system using another modeling approach (ACDC)
[20]. However, for an even more nonideal system of sulphuric acid and
dimethylamine, a more complicated behavior was observed [20], which is
likely due to kinetic effects and/or breakdown of the Szilárd mechanism.

4Many of these conclusions were also obtained in a simultaneous study by Olenius et
al. [36], who pointed out the size-dependent effect of losses on cluster growth rates due to
changes in the ratio of condensation and evaporation fluxes, as well as the non-existence
of a uniquely defined critical size in cases where losses are present.
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5.4 Concluding remarks

Yet another loss process that can be approximately cast into linear form
is the heterogeneous nucleation on the small sub-critical clusters in the
presence of, e.g., an organic vapour [38]. This is essentially a new chan-
nel for growth that opens up, thereby effectively removing clusters from
the growth sequence illustrated in Fig. 5.1. Conversely, collisions of sub-
critical clusters with existing ambient nanoparticles, for which we can also
consider single large organic molecules [39], can also result in crossing of
the heterogeneous nucleation barrier. Earlier applications of the (kinetic)
first nucleation theorem on such cases have produced meaningless estim-
ates for ḡ [3, 40]. However, when considering some fraction of each loss
rate Lg actually resulting in a channel contributing to the observed new
particle formation, an extension of the first kinetic nucleation theorem can
be derived [Eq. (5.33)]. In this case the resulting apparent critical size g̃
is smaller than the corresponding ḡ, being either characteristic size for
the heterogeneous nucleus, if only one path is available, or a flux-weighted
average over possible homo- and heterogeneous pathways [41]. This mech-
anism, together with the observation of the linear estimate for the apparent
critical size at small sizes, also casts some doubts on the interpretation of
measurements from particle size magnifiers when used to detect critical
clusters at low nucleation rate [e.g. 12]. In reality the working fluid may be
condensing on clusters of sub-critical size leading to too small an estimate
of ḡ.

As demonstrated by our results—as well as recent simulation studies [20,
21]—a naïve application of the first nucleation theorem when sub-critical
cluster losses are expected can lead to seriously biased estimates on the
critical cluster size, and consequently on the mechanism behind the new
particle formation, even if the other known deficiencies [20] of the analysis
have been appropriately considered. The fundamental concepts behind
nucleation theorems, like mass action and detailed balance, still apply but
the theorems themselves need correction to yield physically meaningful
results. Here we have provided sum rules that can be used to identify
and/or correct these biases. Besides applications to analysis of field and
laboratory measurements of new particle formation, derived sum rules
can also find applications in control of chemical vapour deposition and
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vapour-phase synthesis of nanomaterials in inhomogeneous medium [33],
and also in a broader context to other types of nucleation processes that
can be described using the Szilárd model.

5.A Appendix

In this Appendix methods to calculate normalized cluster population ug

either analytically using continued fractions or numerically using a math-
ematically equivalent matrix approach are given. The first mentioned
method is applied to calculate the exact form of the first nucleation the-
orem in a lossy case. We also give details of numerical calculations presen-
ted in the main text together with the extended formulae for cases where
sub-critical cluster loss results in a new pathway for particle formation.

5.A.1 Calculation of Jg and ∂ ln Jg/∂ ln n1

From the condition of flux conservation at size g [Eq. (5.10)] we get

pg−1(ug−1 − ug) � pg(ug − ug+1) + cgug , (5.13)

where we have introduced normalized loss rate coefficients cg � qgng ,
which give the loss rates as Lg � cgug, to be consistent with Eq. (5.3); the
Szilárd boundary conditions are u1 � 1 and uG � 0.
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Closed form solution

Following Ref. [22] (see also Ref. [42]), we derive the analytic solution for
ug in terms of a finite continued fraction. We first rewrite Eq. (5.13) as

ug

ug+1
� ag +

bg+1

ug+1/ug+2

...

� ag +

bg+1

ag+1 +
bg+2

ag+2 +
bg+3

ag+3 +
bg+2

. . .

aG−3 +
bG−2

aG−2

� ag +

G−2

K
j�g+1

(
b j

a j

)
, (5.14)

where

ag �

pg+1 + pg + cg+1

pg
, (5.15)

and
bg � −

pg

pg−1
(5.16)

(note here the sign difference in sign convention from Ref. [22]). Gauss’
symbol for the continued fraction has been used to compact notation,
and KG−2

l� j (bl/al) � KG−1
l� j (bl/al) due to boundary condition uG � 0. For

diffusion losses, qg and thus cg are proportional to Dg∇2, where Dg is
the diffusion coefficient of a g-mer and ∇ denotes the spatial gradient.
Although one could also consider a continued fraction where elements ag

are operators [43], in this context this would lead into a continued fraction
defined in terms of a suitable inverse of a non-commutative operator. These
considerations would deviate substantially from the scope of this work and
are omitted. Thus, the present treatment will be exact only when terms
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related to diffusion losses can be neglected or approximated with real-
valued functions of g [24, 32, 33].

Since u1 � 1, we have

ug � u1
u2

u1

u3

u2
· · ·

ug

ug−1
�

g∏

k�2

1

ak−1 +KG−2
j�k

(
b j

a j

) . (5.17)

From ug we get Jg � pg(ug − ug+1) and its relative sensitivity to monomer
concentration n1 at each g when expanding the derivatives of continued
fractions [44]:

(
∂ ln Jg

∂ ln n1

)
T,{cg}
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j�2


G−2

K
l� j
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)
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−1

× ©«
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+

G−2∑

m�g+1




pm+1

pm
− pm

pm+1

[
G−2

K
n�m

(
bn

an

)]−1


×



m∏

l� j

pl−1

pl

[
G−2

K
n�l

(
bn

an

)]2
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+
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g − ug ug+1
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+
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(
bn

an

)]−1


×



m∏

l�g+1

pl−1

pl

[
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K
n�l

(
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)]2

ª®¬

(5.18)

g→1
→ g + 1. (5.19)

For small g we see that two last terms both approach zero, due to an empty
sum in the first one and the fact that u1 >> u2 for supersaturated vapour
in the second. This behaviour explains, together with the assumption that
Eq. (5.18) yields physically sensible behaviour, the linear regime at small
g observed in model calculations [Fig. 5.3(b), see also Table 5.1].5 Un-
fortunately, Eq. (5.18), from which the complete expression follows after

5A more close examination of Fig. 5.3 and Table 5.1 reveals somewhat surprising
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substitution of ug and ug+1 from Eq. (5.17), does not provide clear inter-
pretation at large g limit.

An observant reader might have noticed that the derivative above was
taken at constant {cg}, while in the main text reference was made to a
derivative taken at constant {qg}. It is easy to see that these conditions are
indeed equivalent, since for any ℓ and g (1 < ℓ, g < G) we have

(
∂ ln Jg

∂ ln n1

)
T,cℓ(

∂ ln Jg

∂ ln n1

)
T,qℓ

�

(
∂ ln cℓ
∂ ln n1

)
T,Jg

(
∂ ln Jg

∂ ln cℓ

)
T,n1(

∂ ln qℓ

∂ ln n1

)
T,Jg

(
∂ ln Jg

∂ ln qℓ

)
T,n1

�

(
∂ ln cℓ
∂ ln qℓ

)
T,Jg

(
∂ ln qℓ

∂ ln cℓ

)
T,n1

�

(
∂ ln qℓ

∂ ln qℓ

)
T,Jg

+

(
∂ ln nℓ
∂ ln qℓ

)
T,Jg

� 1,

where we have used the facts that d ln cℓ � d ln qℓ + d ln nℓ , and that nℓ is
constant at fixed saturation (monomer number density) and temperature
and is always independent of qℓ .

If one wants to use Eq. (5.18) to compare with experimental measurements,
the question arises how to calculate individual pg � βgn1ng and cg � qg ng.
Specific loss rate coefficients qg can be obtained with a reasonable accuracy,
if the macroscopic properties of the system (background aerosol or wall
surface area, temperature and concentration profiles, or such) are known.
Also the kinetic theory estimate for βg should be reasonable for nucleation
from vapours. On the other hand, classical approaches fail to predict ng

for the smallest clusters [45, 46], and one needs an alternative approach
such as quantum chemistry-based simulation.

overshooting effect, resulting in larger apparent critical sizes with larger saturation ratios.
This effect is rationalised by the second sum rule [Eq. (5.11)] when divided by J : at small
sizes, the weight P(g)Jg/J strongly biases slight positive deviations from the g̃ � g line in
comparison to large deviations at large g.
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Table 5.1. Apparent critical sizes g̃ at small g from the case examined in Fig. 5.3(b)
(A � 0.0072 m−1). The linear approximation g̃ ≈ g holds for g << ḡ.

g
g̃

S � 6 S � 10 S � 16
1 1.02 1.04 1.07
2 2.04 2.08 2.14
3 3.07 3.12 3.25
4 4.09 4.18 4.42
5 5.12 5.24 5.76
...

10 10.29 10.71 15.30
...

15 15.49 17.43 18.44

Matrix approach

The continued fraction method outlined above gives closed-form solutions
but is impractical for numerical calculations.Here we recast the solution
in a more computationally tractable, but mathematically equivalent, mat-
rix form. Substituting ag and bg defined above [Eqs. (5.15) and (5.16)],
Eq. (5.13) becomes

−ug + agug+1 + bgug+2 � 0 (5.20)

The Szilárd boundary conditions are u1 � 1 and uG � 0 with the result hat
at the boundaries Eqs. (5.20) take the form:

a1u2 + b1u3 � 1 (5.21)

and
−uG−2 + aG−2uG−1 � 0. (5.22)
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The G − 2 equations (5.20)–(5.22), in the variables u2, u3, . . . , uG−1, can be
compactly expressed in a matrix-vector form as

©«

a1 −b1 0 · · · 0 0
−1 a2 −b2 · · · 0 0
0 −1 a3 · · · 0 0
...

...
...
. . .

...
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0 0 0 · · · aG−3 −bG−3
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¬
�

©«

1
0
0
...
0
0︸︷︷︸
�1

ª®®®®®®®
¬

. (5.23)

Solution for ug , g � 2, . . . ,G−1, follows on inverting the tridiagonal matrix
B:

U � B−11 (5.24)

subject to the boundary conditions. Once these have been obtained, the
fluxes Jg follow immediately from Eq. (5.3).

To obtain Jg directly, write J � pŨ, where J is the vector of elements Jg for
g � 1 through G−1, ŨT

� (1,UT, 0), and p is the G−1 by G matrix consisting
of the diagonal elements p(g), and super-diagonal elements −p(g), along
row g, and p(G − 1,G) � 0.

The method described above is well suited for numerical calculation, and
was used to calculate the results depicted in Figs. 5.2, 5.3, and 5.4, and in
Tables 5.1 and 5.2.

To obtain the relative rate sensitivities from the matrix method, it is ne-
cessary to differentiate matrices B and p defined above. Application of
the standard formula for differentiation of the inverse matrix, dB−1

�

−B−1(dB)B−1 gives
dU � −B−1(dB)B−11. (5.25)

In extended form, including the constant boundary conditions as before,
we obtain dŨ ≡ [0, du2, . . . , duG−1, 0] and dJ � pdŨ + dpŨ from the
product rule. The vector of relative sensitivities then follows

(dJ)k/d ln n1

Jk
�

(
∂ ln Jk

∂ ln n1

)
T,{cg}

, (5.26)

where Jk � Jk , etc. These derivatives are readily shown to satisfy the second
sum rule.
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Fig. 5.4. Normalized populations ug (a) and gradients ug −ug+1 (b) corresponding
to Fig. 5.2 (S � 10) in the main text.

5.A.2 On the kinetic critical size ĝ

Using the generalized kinetic distribution JgP(g)/J, we can define kinetic
critical size ĝ as

ĝ �

G−1∑

g�1

g
JgP(g)

J
; (5.27)

obviously ĝ � ḡ if there are no cluster losses. From Eq. (5.3) we have
Jg/pg � ug − ug+1, and because P(g) � J/pg this results in an alternative
form:

ĝ �

G−1∑

g�1

g(ug − ug+1). (5.28)

Comparison with Fig. 5.4(b) reveals that in the lossy case, small cluster
sizes are given more weight when compared to the loss-free case, and thus
generally ĝ < ḡ. It is possible to rewrite the second sum rule in terms
of ĝ: dividing both sides of Eq. (5.11) by J, splitting the sum into two
and transferring the second term on the other side we get an ostensible
generalization of the kinetic first nucleation theorem,

ĝ + 1 �

G−1∑

g�1

JgP(g)
J

(
∂ ln Jg

∂ ln n1

)
T,{qg}

. (5.29)
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Examination of Fig. 5.3(c) suggest that ĝ . ḡ, as the maxima of the cor-
responding distributions are close to each other, which is confirmed in
Table 5.2.

Table 5.2. Generalized kinetic critical size ĝ for various cases as a function of
saturation ratio S and the specific surface area of pre-existing particles A (m−1).
Note that when A � 0 m−1, ĝ � ḡ.

❍
❍
❍
❍
❍
❍

A
S

6 10 16

0 70.40 33.35 19.10
0.000072 70.40 33.35 19.10

0.0072 70.25 33.32 19.10
0.72 57.99 30.31 18.16

5.A.3 Flux weighting and sum rules for loss rates

The loss fluxes Lg can represent loss of clusters due to scavenging by
background aerosol or laboratory chamber walls (for example), but they
can also represent loss of clusters that serve as a heterogeneous nucleation
sites that provide alternative pathways to new particle formation (NPF).
In that case while the cluster is lost, a new particle is formed. Separating
these two contributions we obtain

Lg � Lg,NPF + Lg,S, (5.30)

where the sink term Lg,S � cgug , as before, and Lg,NPF � cg,NPFug . The
coefficients cg,NPF will depend in detail on the heterogeneous nucleation
mechanism and is beyond scope of the present study. From flux balance

J1 � JG−1 + LNPF + LS ≡ JG−1 +

G−1∑

g�2

Lg,NPF +

G−1∑

g�2

Lg,S. (5.31)

The first two terms on the right hand side contribute to NPF; these are the
contributions from the barrier crossing along the prescribed sequence, JG−1,
and alternative paths, LNPF. The remaining term, LS, includes scavenging
loss of clusters to background aerosol, diffusion, and/or walls.
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Flux weighting introduced in Refs. [7, 47] can now be applied to the network
of Fig. 5.1 in numerous ways. Here we focus on the fluxes that result in
new particle formation:

JNPF ≡ JG−1 +

G−1∑

g�2

Lg,NPF. (5.32)

Taking the differential of each term gives dJNPF � dJG−1 +

∑G−1
g�2 dLg,NPF

and

∂ ln JNPF

∂ ln n1
�

JG−1

JNPF

(
∂ ln JG−1

∂ ln n1

)
+

G−1∑

g�2

Lg,NPF

JNPF

(
∂ ln Lg,NPF

∂ ln n1

)
, (5.33)

showing the overall relative sensitivity for new particle formation as a
flux-weighted sum of the sensitivities for each path.

We can also use the matrix method described above to obtain the relative
sensitivities of the loss fluxes from flux weighting:

Lk
∂ ln Lk

∂ ln n1
� Jk−1

∂ ln Jk−1

∂ ln n1
− Jk
∂ ln Jk

∂ ln n1
(5.34)

and these may be further apportioned into contributions from scavenging
and loss to NPF once the heterogeneous nucleation mechanism(s) or a
model for it has been determined.

Finally, we can also present the first sum rule in terms of loss rates Lg : Let
Q(g) be a cumulative of P(g), so that P(g) � Q(g + 1) −Q(g) and Q(1) � 0.
Now the first sum rule gives

J �

G−1∑

g�1

P(g)Jg �

G−1∑

g�1

[Q(g + 1) − Q(g)]Jg � JG−1 +

G−1∑

g�2

Q(g)Lg , (5.35)

where the condition of flux conservation [Eq. (5.10)] has been used together
with Q(G) � 1 from normalization of P(g).

5.A.4 Model system

Formation rates Jg in Figs. 5.2 and 5.3 and normalized cluster populations
ug in Fig. 5.4 were calculated using the classical nucleation theory, though
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it should be noted that the results and their interpretation are qualitatively
independent on the applied nucleation theory: The intensive work to create
a g-mer is given as

∆Wg � −(g − 1)kBT ln S + A1γ∞g2/3, (5.36)

where S � kBTn1/pe is the ideal gas saturation ratio and kB is the Boltzmann
constant; all calculations were made at T � 293.15 K and other symbols
are given in Table 5.3. It is worth noting that when applying the capillarity
approximation, the intensive free energy formulation [5] equals to the
Courtney’s 1/S-correction [48]. From the kinetic theory of gasses we have6

βg �

√
kBT

2πm
A1 g2/3. (5.37)

In a pure Brownian case coagulation losses are given by

qg �

√
kBT

2πm g
A. (5.38)

Here A is the specific surface area of the pre-existing aerosol particles: If
particle diameters are in order of the mean free path in the gas phase, this
can be interpreted as a transition regime corrected (Fuchs) surface area
density [34]. [49] However, if particles are much larger than the mean
free path, the vapour distribution around particles becomes nonuniform,
and a further correction for the coagulation coefficient is needed to take
diffusophoretic effects into account [50]. For our model system, this limit
is reached when the particle size (for an equivalent monodisperse distri-
bution) is approximately 4 µm [23].

Table 5.3 gives the properties of the model compound used in this work.
The chosen model compound can be seen as a proxy of ethanesulfonic acid,
a potential contributor to new particle formation in polluted air.

6In the original article, there was a typo in Eq. (5.37) that contained an extra factor
n1. This erroneous factor was not, however, applied when calculating the results. A more
substantial issue is the application of the approximative form instead of the exact formula
[Eq. (2.19)] for the collision rate also for the smallest clusters: It turns out, however, that
there is no qualitative difference in results obtained using either of the formulae, and also
the quantitative differences are minor, at least in our example cases, being an order of 0.1
molecules for both g̃ and ḡ.
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Table 5.3. Properties of the model compound.

Equilibrium vapour pressure pe (Pa) 1.33 · 10−3

Molecular mass m (kg) 1.60 · 10−25

Molecular surface area A1 (m2) 1.50 · 10−18

Surface tension γ∞ (N/m) 0.030

5.B Addendum: Comparison with results from

Ref. [21]

Figure 5.5 depicts results from the SAWNUC-model [51] for binary H2SO4–
H2O nucleation, showing the dependence of the apparent critical size
(n∗

d
≈ g̃H2SO4) on the diameter d where the new particle formation rate Jd

is evaluated at as a function of monomer concentration with T � 248 K
and q−1

1 � 500 s. At low and moderate H2SO4 concentrations, the apparent
critical size is found to be larger than the kinetic critical size when Jd is
evaluated at sizes larger than the kinetic critical size, whilst when Jd is
evaluated below the kinetic critical size (at d � 1 nm), a constant apparent
critical size is found, indicating the existence of the linear regime also
for binary H2SO4–H2O system. Circled area highlights the range of high
monomer concentration, where g̃H2SO4 < gH2SO4 due to self-coagulation of
clusters.
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6 Critical cluster size cannot in
practice be determined by slope
analysis in atmospherically rel-
evant applications1

The first nucleation theorem is the most widely used method to
assess atmospheric new-particle formation mechanisms from
particle formation rate measurements. The theorem states that
the slope (∂ ln J)/(∂ ln Ci) of the nucleation rate J versus the
concentration Ci of a nucleating compound gives the number
of molecules of that species in the critical cluster. In principle,
the derivation of the theorem is solid, but it contains very re-
strictive assumptions, the validity of which is questionable in
realistic situations. It applies only for systems where clusters
grow by addition of single molecules, and there are no external
losses. In addition, application of the theorem to experimental
data requires that the nucleation rate can be determined from
particle concentration observations. This work presents sim-

1This chapter incorporates the article O. Kupiainen-Määttä, T. Olenius, H. Korhonen,
J. Malila, M. Dal Maso, K. E. J. Lehtinen and H. Vehkamäki. Critical cluster size cannot
in practice be determined by slope analysis in atmospherically relevant applications.
Journal of Aerosol Science 77 (2014), 127–144. Drs. Ismael K. Ortega and Theo Kurtén
are acknowledged for discussions and the Academy of Finland (Centre of Excellence
programme grant #272041, LASTU programme project #135054, Research Fellow position
#250348), the European Research Council (project ERC-StG 257360-MOCAPAF), the ACCC
doctoral programme, and the Vilho, Yrjö and Kalle Väisälä Foundation for funding.
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ulation results on particle formation rates in atmospherically
relevant conditions. We show that the slope of the nucleation
rate in realistic conditions differs from that in an ideal situation.
The slope analysis can easily lead to erroneous conclusions on
the critical cluster size, and should therefore not be used to
interpret experimental data.

6.1 Introduction

Formation of aerosol particles from precursor vapours is an important
and widely studied topic in the field of atmospheric sciences. Numer-
ous experimental and theoretical studies have focused on assessing the
formation mechanism of aerosols in varying environments [1–3]. The phe-
nomenon begins with vapour-phase molecules colliding with each other
to form small molecular clusters and continues with the clusters growing
by further collisions, at the same time also being able to lose molecules by
evaporation. While sulphuric acid has been recognized as the key com-
pound of the process in many environments [4, 5], identities and roles of
other compounds still remain uncertain.

The gas-to-liquid phase transition related to the particle formation process
is in general assumed to proceed via nucleation, where the cluster forma-
tion free energy surface exhibits an energy barrier that the growing cluster
must overcome in order to become a stable particle. Another option is bar-
rierless condensation, where already the smallest clusters are stable and
particle formation is kinetically limited. In case of nucleation, the location
of the energy barrier is called the critical cluster size. Clusters that are smal-
ler than the critical size are more likely to evaporate into smaller sizes than
to grow further, and clusters that are larger than the critical size are more
likely to grow than to decay. A central question concerning the nucleation
mechanism is the size and composition of the critical cluster. As cluster
energies cannot be measured directly, the critical cluster cannot simply be
identified from the energy profile of the nucleating system. A seemingly
easy-to-use, and thus very widely employed, method to deduce indirectly
the composition of the critical cluster from experimental observations is
the first nucleation theorem. According to its most generally used form,
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the number of molecules of any compound i in the critical cluster g∗
i

is
approximately equal to the slope of the logarithm of the nucleation rate
J as a function of the logarithm of the gas-phase concentration Ci of the
compound i:2

∂ ln J

∂ ln Ci
≈ g∗

i , (6.1)

where other parameters such as temperature and concentrations of other
vapours are assumed to be constant. As sulphuric acid has been identified
as the main driving compound of atmospheric new particle formation,
several studies have focused on determining the number of sulphuric acid
molecules in the critical cluster [6, 7]. In experimental studies, this is nor-
mally done by measuring particle concentrations at different sulphuric acid
concentrations, determining the particle formation rate at each point, and
applying a linear fit to the data presented in a log-log scale. Consequently,
the observed formation rate is often reported as a power-law J ∝ [H2SO4]P

[5, 8, 9].3 However, different experiments have given values for the ex-
ponent P ranging from 1.3 to 12.9 [7, 10–13], and the measured formation
rates at similar H2SO4 concentrations have varied by several orders of mag-
nitude. The formation rate is normally given at the assumed critical cluster
size corresponding to a mobility diameter of 1–2 nm. On the other hand,
the detection limit of particle counters is often significantly higher than
the assumed critical size, and thus the formation rate at the size of interest
must be calculated from the particle concentrations at the observed size by
assuming a certain growth rate, and accounting for possible losses between
these sizes [14–16].

The nucleation theorem has also been widely used in fundamental nucle-
ation studies not directly related to atmospheric aerosols. Critical cluster
sizes determined using the nucleation theorem for measured nucleation
rates of various molecular liquids have been compared with theoretical pre-
dictions using the classical liquid droplet model. For n-butanol, Viisanen

2In this chapter, we continue to use fg (actual values) and ng (constrained equilibrium
value) for concentrations of g-mers (clusters containing g gas phase monomers that
can of same or different species), and in multicomponent case use Ci for the gas-phase
concentration of monomers of compound i.

3For future reference, it should be noted that assumption of constant P that implies
a linear graph in a log-log scale plot is equivalent to assuming a critical size that is
independent of environmental conditions.
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and Strey [17] found reasonably close agreement between the two ap-
proaches, although the slope values were slightly higher than the classical
results. On the other hand, Brus et al. [18] found later large discrepancies
between critical cluster sizes of n-butanol determined using different meas-
urement set-ups. For the ethanol–hexanol mixture, Strey and Viisanen [19]
found qualitative agreement between critical cluster composition determ-
ined from measurements and theory, while especially the critical cluster
size of pure hexanol deviated by several tens of percent between the slope
approach and the liquid drop model. Also in the n- and i-octane mixture,
Vehkamäki and Ford [20] found notable differences between slope values
and classical theory. Slope values that are considerably lower than clas-
sical predictions have been reported for n-propanol [21] and slopes slightly
lower than predicted have also been observed for n-pentanol [22]. Also
for water, classical predictions may be slightly or even significantly higher
than experimental results, especially for larger critical sizes or higher tem-
peratures [23, and references therein, 24], but there are also some discrep-
ancies between different experimental data sets [see 23, 25, and references
therein].

Some recent studies [26–28] have pointed out that external losses affect
the nucleation rate and thus the applicability of the nucleation theorem.
In addition to requiring that there are no losses, the derivation of the
nucleation theorem also involves several other assumptions. In this work,
we present an overview of the derivation, and examine how breaking each
of the assumptions affects the results obtained by applying the theorem.
While our examples are related to atmospheric new-particle formation,
the problems raised in this study are quite general and may affect the
applicability of the nucleation theorem also in other systems.

We use a cluster population dynamics model to simulate the formation rate
of sulphuric acid–base clusters at a mobility diameter of approximately
1.5 nm, a size at which experimental particle formation rates are often
reported. We present the simulated formation rate and its slope with
respect to sulphuric acid and base concentrations as a function of acid
concentration, and show that the slope may be altered by various factors.

To study the uncertainties related to calculating the formation rate of sub-2
nm particles from the concentrations of larger particles, we also apply a
separate aerosol microphysics model to simulate particle growth from 1.5
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nm to larger sizes. In this case, the formation rate at 1.5 nm is assumed
to follow a power-law dependence J ∝ [H2SO4]P. The nucleation rate is
then back-calculated from the concentrations of 3–6 nm particles following
the procedure used in the analysis of experimental data. We show that the
exponent P obtained from the slope of the calculated nucleation rate differs
from the actual value used as input in the growth simulation, leading to
erroneous conclusions about the critical cluster size.

6.2 The first nucleation theorem

Relation (6.1), usually referred to as the first nucleation theorem, was first
developed on the basis of the classical capillary drop model by Nielsen
[29], who applied it to crystallization from a melt. Kashchiev [30] gave the
result a more general theoretical footing, still in the capillary drop frame-
work, and coined the term “nucleation theorem”. Later, other derivations
have been constructed which rely less on the formation energy. The most
simplified proof for the single-component case is that by McGraw and Wu
[31] (see also Ford [32]) which we present below briefly. Let us denote
the steady-state concentration of a g-molecule cluster by fg and its “con-
strained equilibrium” concentration (that is, the concentration it would
have in an equilibrium distribution where the monomer had the supersat-
urated concentration f1 ≡ n1) by ng . Taking into account only monomer
additions and evaporations, the net flux between each pair of consecutive
cluster sizes is

Jg � β1,gn1 fg − α1,g fg+1, (6.2)

where β1,g is the collision coefficient between a monomer and a g-molecule
cluster and α1,g � β1,g n1ng/ng+1 is the evaporation rate of a monomer from
the g + 1-molecule cluster, related by detailed balance to the collision rate
and the constrained equilibrium distribution. In the absence of external
losses, the rate of change of each cluster concentration can be expressed in
term of collision and evaporation fluxes as d fg/dt � Jg−1− Jg. As in steady
state the concentrations are time-independent, d fg/dt � 0, the flux Jg

through the system of clusters is equal for all sizes g. It is also equal to the
flux at the critical size, or the nucleation rate, denoted as J. Rearranging
the terms, summing the birth-death equations for each cluster size and
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assuming that fg/ng → 0 as g → ∞, the nucleation rate can be written as

J �
©«

∞∑

g�1

1
β1,g n1ng

ª®¬
−1

. (6.3)

The constrained equilibrium cluster concentrations follow the law of mass
action

Kg �

ng

n1ng−1
, (6.4)

where Kg is the equilibrium constant, which only depends on temperature
and can also be expressed in terms of cluster free energies. Equation (6.4)
results in the power law ng ∝ n

g

1 for the equilibrium cluster concentrations.
From this, it can directly be seen that

∂(n1ng)
∂n1

� (g + 1)
n1ng

n1
, (6.5)

and the derivative of the nucleation rate (6.3) can be calculated to give

(
∂ ln J

∂ ln n1

)
T

�

∑∞
g�1

g
β1,g ng∑∞

g�1
1

β1,g ng

+ 1 ≡ ḡ + 1. (6.6)

If the distribution 1/(β1,g ng) has one high maximum at g∗ that domin-
ates the sum

∑∞
g�1 g/(β1,g ng), the value ḡ is approximately equal to g∗.

Finally, taking into account the relation between constrained equilibrium
concentrations and cluster formation energies, the expression inside the
summation becomes

1
β1,g ng

∝ 1
β1,g

exp

(
∆Gg

kBT

)
,

where ∆Gg is the Gibbs free energy of formation of the g-molecule cluster,
kB is the Boltzmann constant and T is the temperature. If the collision
rate depends only weakly on cluster size, the maximum of the distribution
1/(β1,g ng) likely coincides with the maximum of the energy barrier at the
critical cluster size.
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Similar arguments relying on the law of mass action and involving some
approximations have been used [33] to motivate the multicomponent nuc-
leation theorem (

∂ ln J

∂ ln Ci

)
T,C j,i

� g∗
i + ǫi , (6.7)

where Ci is the monomer concentration of component i, g∗
i

is the number
of molecules i in the critical cluster and ǫi gives the relative fraction of the
growth flux out of the critical cluster due to addition of a molecule of type
i,
∑

i ǫi � 1.

In a case where clusters grow and decay only through additions and re-
movals of single molecules, and all growth and evaporation processes
occur along a single pathway, the multicomponent nucleation theorem can
also be derived rigorously. The derivation follows closely that of the single-
component case, except that each growth step on the formation pathway
is associated with the specific molecule type added to the cluster at that
step. The net flux between two consecutive cluster sizes is now

Jk � βmk ,k Cmk
fk − αmk ,k fk+1,

where fk and fk+1 are the concentrations of the kth and (k + 1)th clusters,
respectively, and mk is the monomer type added to the cluster k to form
the cluster k + 1. Analogously to the one-component case, the birth–death
equations can be rearranged as Jk/

(
βmk ,k Cmk

nk

)
�

(
fk/nk − fk+1/nk+1

)
and

summed to give

J �

( ∞∑

k�1

1
βmk ,k Cmk

nk

)−1

. (6.8)

The constrained equilibrium cluster concentrations have again a power law
dependence on monomer concentrations, fk ∝ ∏M

i�1 Ci
gk ,i where M is the

number of molecule types and the exponent gk ,i is the number of molecules
of species i in cluster k. The derivative corresponding to that of Eq. (6.5)
depends on whether the monomer concentrations in the numerator and
denominator correspond to the same molecule type,(

∂(Cmk
nk)

∂Ci

)
C j,i

� (gk ,i + δmk ,i)
Cmk

nk

Ci
,
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where δmk ,i is the Kronecker delta (δmk ,i � 1 if mk � i and δmk ,i � 0
otherwise), and the derivative of the nucleation rate becomes

(
∂ ln J

∂ ln Ci

)
T,C j,i

�

∑∞
k�1

gk ,i + δmk ,i

βmk ,k Cmk
nk

∑∞
l�1

1
βml ,lCml

nl

≡ ḡi + ǭi , (6.9)

where the summations go over the clusters on the formation pathway. Once
again, if the sum in the numerator is dominated by a sharp maximum in the
distribution 1/

(
βmk ,k Cmk

nk

)
at one cluster size g∗, ḡi is close to the number

of molecules i in that cluster. Similarly ǭi is close to one if the next step on
the formation pathway after the cluster g∗ is an addition of molecule i and
close to zero if it is an addition of some other molecule type. As opposed
to the one-component system, however, the monomer concentrations do
not cancel out in Eq. (6.9), and they may affect the values of ḡi and ǭi if
different monomer types have very different concentrations.

The kinetic derivations presented above for the one-component and multi-
component systems are very general in the sense that they do not (ex-
plicitly) assume anything about the cluster energies. They do, however,
contain several other very restrictive assumptions, both related to their de-
rivation and to their application to experimental data. These assumptions
and their validity are summarized in Table 6.1. The widely established con-
ception that the∆G surface contains one maximum (assumption A) follows
from thermodynamic treatment of a bulk liquid droplet, where the forma-
tion free energy of a cluster is the energy difference between the liquid and
vapour phases minus the energy required to form the surface separating the
phases. The birth–death equations are derived assuming that the growth
and decay of the clusters occurs via a Szilárd–Farkas scheme, that is solely
via monomer collisions and evaporations, and that there are no external
loss terms such as deposition of clusters on surfaces or coagulation with
larger particles (assumptions B and C). Assumption D (single nucleation
pathway) is required for the present derivation of the multi-component
nucleation theorem, but is not based on any prior evidence. Assumptions
E–H are essentially related to the experimental conditions, measurement
accuracy and data analysis. It is assumed that the flux from the critical
cluster to larger sizes can be obtained from the observed appearance rate
of freshly formed particles at some larger size (assumption E). Concen-
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trations of all precursor vapours and clusters, and all ambient conditions
such as temperature, must be constant during the particle formation event
(assumptions F and G). Finally, the formation free energies ∆Gn , and thus
also the composition of the critical cluster, or equivalently the slope of the
particle formation rate as a function of the concentration of any component
i [right-hand side of Eq. (6.7)], depend on the monomer concentrations.
Therefore application of the first nucleation theorem to experimental data
also requires the resolution and accuracy of the data to be sufficient for
determining the partial derivative [left-hand side of Eq. (6.7)] as a function
of the monomer concentration (assumption H).

For a multicomponent system, the nucleation theorem may not be applic-
able even in the case where all the assumptions of Table 6.1 are valid, if
the traditional definition of the critical cluster being located at the saddle
point of the ∆G surface is used. As the frequency at which a molecule
collides with a cluster depends on the concentration of the molecule, com-
ponents with a high concentration collide with the clusters more often
than components with a lower concentration. As a result, the flux may
be distorted from the energetically optimal growth pathway, and does not
necessarily proceed via the saddle point of the free energy surface at all.
Thus, the energy barriers related to cluster formation may be higher than
would be expected based on the saddle point of the formation free energy
surface, and can only be solved by taking explicitly into account the ac-
tual growth pathway [34–36]. The nucleation rate, on the other hand, is
related by Eq. (6.9) to the composition of the cluster(s) on the formation
pathway with the highest ∆G value(s). This disparity can, however, easily
be resolved by redefining the critical cluster as the highest-energy cluster
on the formation pathway, and we use this new definition in the rest of this
article.

When ions are present, cluster formation can proceed along three separate
∆G surfaces corresponding to neutral, negatively charged and positively
charged clusters. Furthermore, clusters can move from one charging state
to another at any size by collisions with ions or charged clusters [37]. In
the atmosphere, ions originate from cosmic rays and radon decay, and
while their formation rate and total concentration are relatively constant,
the concentrations of individual molecular ions vary. For instance, the
concentration of the bisulfate ion (HSO4

−), the ionic monomer relevant for
the nucleation theorem, depends on the sulphuric acid concentration [38].
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Therefore, if the nucleation rate in the presence of natural ionization is
measured at different sulphuric acid concentration, the bisulfate ion con-
centration is not constant between the measurements, and thus assumption
G does not hold and the nucleation theorem cannot be used.

The derivation of the nucleation theorem assumes that evaporation rates

α1,k ∝ β1,k exp

(
∆Gk+1 − ∆Gk

kBT

)
(6.10)

are connected to collision rates and cluster formation energies by detailed
balance (assumption I). It is also implicitly assumed that each number of
molecules (or in the multicomponent case each set of numbers of different
molecules) corresponds to exactly one cluster energy and that the config-
uration corresponding to that energy is reached immediately when the
cluster is formed. This simplified view is, however, probably not correct.
Especially in the case of large asymmetrical molecules, it is more likely
that the colliding molecules or clusters first stick together in a configura-
tion determined by the collision geometry and then gradually rearrange to
an energetically more favorable configuration. Evaporation of the cluster
would then be more probable shortly after it is formed than once it has
found a more stable configuration. The effect of excess energy released
when a cluster is formed is also neglected, which is supported by earlier
studies suggesting that atmospherically relevant clusters have enough vi-
brational degrees of freedom to accommodate most of the collision energy
[39], and that the corresponding increase in cluster temperature is not
likely to increase the evaporation rates to the extent that the derivative
∂(ln J)/∂(ln C) is affected strongly [40]. However, there is at present no
other way to obtain cluster evaporation rates than to make these simplific-
ations and use Eq. (6.10), although the first steps toward a more detailed
description have recently been taken [41, 42]. Therefore assessing the ef-
fect of assumption I on the nucleation theorem is beyond the scope of this
study.
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Table 6.1. Assumptions used when deriving the nucleation theorem (A–D, I) and applying it to experimental results
(E–H), their validity in different situations, and sections of this work where the validity is discussed in detail.

Assumption Validity Discussion
A The ∆G surface has Unknown Secs. 6.4.1, 6.4.2

one high energy barrier.
B Only monomer Good (e.g. water nucleation)/ Sec. 6.4.2

processes are relevant. unknown (e.g. acid–base clustering)
C There are no Poor Sec. 6.4.3, Chap. 5

external losses.
D Multi-component nucleation Unknown Secs. 6.4.1, 6.4.5

proceeds along a
single pathway.

E The nucleation rate Poor (atmosphere) / Secs. 6.4.4, 6.4.7,
with respect to vapour unknown (experiments) [43]
concentrations can be

obtained from measurements.
F The system is in Unknown (atmosphere) / Sec. 6.4.6

steady state. good (chamber experiments) /
poor (flow tube)

G All other conditions Poor (atmosphere, flow tube) / Secs. 6.4.5, 6.4.7
are kept constant. good (chamber experiments)

H The partial derivative Poor Secs. 6.4.1,
(Eq. 6.7) can be 6.4.4, 6.4.7

accurately determined.
I Collision and evaporation Unknown

rates are connected
by detailed balance
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6.3 Methods

6.3.1 ACDC

We simulated the formation of sulphuric acid (H2SO4)–ammonia (NH3)
and sulphuric acid–dimethylamine ((CH3)2NH, or shortly DMA) clusters
with a dynamic cluster model ACDC (Atmospheric Cluster Dynamics
Code; [37, 44]). ACDC generates the time derivatives of the concentra-
tions of a given set of clusters, also called the cluster birth-death equations
or Becker–Döring equations, and solves the time evolution of the concen-
trations by numerical integration using the Matlab ode15s solver [45]. If
evaporation is disabled for all cluster sizes, the set of equations solved re-
duces to the Smoluchowski coagulation equations. In addition to monomer
collisions and evaporations, the code enables the inclusion of external sink
and source terms for all cluster sizes and all possible cluster–cluster col-
lision and fragmentation processes. If the system contains also electric-
ally charged clusters, the equations include ionization and recombination
by generic ionizing species that give their charge to other molecules and
clusters upon collisions but do not otherwise participate in cluster form-
ation (see Olenius et al. [37] or Almeida et al. [46] for more details).
Vapour (monomer) concentrations can either be set to a predetermined
value or solved from the birth–death equations when source terms and
initial monomer concentrations are given.

For collisions between electrically neutral clusters, the collision coefficients
are calculated as hard-sphere collision rates, and for collisions between a
neutral and an ionic cluster, a parameterisation based on the cluster masses
and the dipole moment and polarisability of the neutral cluster [47] is used.
The evaporation coefficients are calculated from quantum chemical Gibbs
free energies of formation according to the condition of detailed balance
[Eq. (6.10)] as described by Ortega et al. [48].

The particle formation rate is defined in ACDC as the rate at which clusters
grow out of the simulation system. To account for the limited size of the sys-
tem (the largest clusters are (H2SO4)4·((CH3)2NH)4 and (H2SO4)5·((NH3)5),
clusters are only allowed to leave the system if they have a favorable com-
position, or in practice an acid:base ratio of approximately one (neutral
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clusters must contain at least 6 H2SO4 molecules + 5 NH3 molecules, 5
H2SO4 molecules + 4 DMA molecules, 4 H2SO4 molecules + 5 DMA mo-
lecules, or in Sec. 6.4.6 5 H2SO4 molecules + 4 base molecules or 4 H2SO4
molecules + 5 DMA molecules, negatively charged clusters must have at
least 1 HSO4

− ion + 5 H2SO4 molecules + 1 NH3 molecule, and posit-
ively charged clusters at least 1 NH4

+ ion + 5 H2SO4 molecules + 5 NH3
molecules). In the context of ACDC simulations, J refers always to this
particle formation rate, not the nucleation rate at the critical size. The
time evolution of the cluster concentrations and the particle formation rate
are obtained directly as output from the integration of the birth–death
equations, and the steady state formation rate can be solved by setting
the vapour concentrations or their source terms to a constant value and
running the simulation until all concentrations have reached a constant
value.

Water vapour and the hydration of clusters are not taken into account in this
study due to the lack of thermochemical data for hydrated clusters. The
presented formation rates should therefore not be interpreted as quantitat-
ive predictions. Instead, the systems of dry clusters should be considered
as a simplified test case for examining the performance of the nucleation
theorem.

In this study, ACDC was used to solve the particle formation rate in two-
and three-component sulphuric acid-base systems, where the base is either
ammonia, dimethylamine (DMA) or both. The temperature was 278 K in
all simulations. In Secs. 6.4.3 and 6.4.6 we used for all clusters a loss
term −L fg where L is a size-independent loss constant corresponding to
coagulation with larger particles or deposition on walls and fg is the cluster
concentration. The simulation results should again be interpreted as giving
a qualitative estimate of the effect of losses. In reality, the loss coefficients
depend on cluster size, and in case of coagulational losses to larger particles
also on the time evolution of the particle distribution. Detailed information
on the clusters included in the systems and on the boundary conditions,
and the quantum chemical data can be found in our earlier publications
[37, 46]. Both ammonia and DMA have been observed in the atmosphere
in various urban and rural areas [49], and our simulations were performed
at realistic ambient sulphuric acid and base concentrations that produce
particle formation rates comparable to those observed in the atmosphere,
both according to ACDC simulations and chamber experiments [46, 50].
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To study the dependence of the particle formation rate on precursor con-
centrations, we ran each simulation at several sulphuric acid concentrations
and two base concentrations (or vice versa in the lower panel of Fig. 6.4),
and approximated the partial derivative based on the difference between
the formation rate at two adjacent simulation points as(

∂ ln J

∂ ln Ci

)
T,C j,i

≈
(
∆ ln J

∆ ln Ci

)
T,C j,i

,

where Ci is the acid or base concentration. The step size along the log-
arithmic concentration axis was set to 20 simulation points per an order
of magnitude, and the concentrations of the other compound were set to
1·[C j] and 1.01 · [C j], except in Fig. 6.8 we used 10 simulation points per
an order of magnitude for the sulphuric acid concentration and a base
concentration 1.1 · [base]. The Gibbs free energy of formation as a func-
tion of cluster growth was determined by tracing the growth pathways as
described by Olenius et al. [37]. In the case that the main growth route
exhibits one or more energy barriers, the critical cluster was identified as
the location of the highest barrier.

6.3.2 UHMA

In addition to the cluster kinetics model, we used an aerosol microphysics
model to investigate the applicability of the nucleation theorem to interpret
field data. Our aerosol microphysics model UHMA (University of Helsinki
Multicomponent Aerosol model; [43, 51]) was used to generate synthetic
size distribution evolution data that resembles what is measured during
atmospheric particle formation events. A detailed description of the model
and the data analysis scheme is given by Korhonen et al. [43] (see also [5]),
and we present here only the details that differ from that study.

In the simulations, particles were assumed to nucleate at 1.5 nm and the
nucleation rate was assumed proportional to the sulphuric acid concentra-
tion squared, i.e. J1.5 � k2[H2SO4]2. The time dependence of the sulphuric
acid concentration was set to be parabolic, with a peak concentration of
1.5 · 106 cm−3 at noon and zero values before 10 am and after 2 pm, and
some random noise was added to mimic rapidly varying atmospheric con-
ditions. (This time interval is somewhat shorter than what is seen in the
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atmosphere, and was chosen for computational reasons.) The value of k2
was taken randomly from a uniform distribution in the range 5 · 10−18 –
5 · 10−17 at each time step.

The cluster growth rates were prescribed (i.e. not calculated from simu-
lated vapour concentrations) to be linearly dependent on cluster size, as
indicated by recent atmospheric observations [52]. At the beginning of
each simulation, the growth rates at 1.5 nm and 3 nm were selected from
the ranges 0.4–1.4 and 1.4–2.4 nm/h, respectively, and the same growth
rates were used for the length of the simulation. This assumption of sul-
phuric acid-independent growth rates mimics a situation where the newly
formed particles grow mainly by oxidized organic compounds.

The evolution of the particle size distribution was modeled using a fully
moving sectional grid. The number of size bins was 20 at the beginning
of the simulation, and new bins were created for the freshly nucleated
particles, leading to a total of 260 bins at the end of the run. The time step
was 0.2 s when sub-4-nm particles were present, and 60 s otherwise. The
pre-existing aerosol population at the beginning of the run was modeled
as one narrow mode at 200 nm in diameter corresponding to a coagulation
sink between 0.04·10−3 and 0.11·10−3 s−1. The sulphuric acid concentration
and the particle size distribution above 3 nm diameter were stored for
analysis every ten minutes.

6.4 Case studies

In this section we go through the assumptions listed in Table 6.1 and
present examples where they may lead to a wrong assignment of the crit-
ical cluster. Results from ACDC are presented in Secs. 6.4.1–6.4.6, and
results from UHMA in Sec. 6.4.7. Sections 6.4.1, 6.4.2 and 6.4.3 discuss
the assumptions used in the derivation of nucleation theorem, while Secs.
6.4.4, 6.4.5 and 6.4.6 consider issues related to precursor vapour concen-
trations and Sec. 6.4.7 focus on difficulties in extracting the nucleation rate
from measurements.
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6.4.1 The critical cluster size depends on conditions (as-

sumptions A, D and H)

According to the quantum chemical cluster formation energies used in this
study, neutral sulphuric acid-ammonia cluster formation proceeds along a
pathway containing three local maxima [37]. Depending on the precursor
concentrations, any one of the clusters (H2SO4)5 · (NH3)3, (H2SO4)3 · NH3
or (H2SO4)2 can correspond to the highest maximum, and thus be the rate
limiting critical cluster.

Figure 6.1 presents the particle formation rate and its logarithmic partial
derivatives over a wide range of sulphuric acid concentrations. The slope of
the particle formation rate with respect to the sulphuric acid concentration
is high at low [H2SO4] and decreases with increasing [H2SO4]. A com-
parison to the critical cluster composition shows that the slope (∂ ln J)/
(∂ ln[H2SO4]) corresponds closely to the number of sulphuric acid mo-
lecules in the critical cluster. However, while the identity of the critical
cluster changes in discrete steps, the slope decreases smoothly. This can
easily be understood from Eq. (6.6): the nucleation theorem assumes that
the critical cluster size alone determines the slope, but in this case the
two highest maxima of the ∆G curve both contribute significantly to the
summation of Eq. (6.9) near the transition from one critical cluster to the
other.

Examining the main growth pathway in this system [37], it can be seen
that the next step on the growth pathway after each local maximum is the
addition of an ammonia molecule. Therefore, in all conditions considered
in Fig. 6.1, the flux across the critical cluster is in the direction of the
ammonia coordinate, and the correction terms of Eq. (6.7) are ǫH2SO4 � 0
and ǫNH3 � 1. Taking the correction term into account, the nucleation
theorem is also approximately valid for the ammonia derivative. The
interpretation and validity of Eq. (6.9) are discussed in more detail in Sec.
6.A.1.

In the case of experimental data, the growth pathway is not known. Since
the correction terms ǫi depend on what is the next step after passing the
critical size, they can at best be guessed based on precursor concentrations
but not determined reliably. If the critical cluster is small, this leads to a
significant uncertainty in determining its composition, although the total
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Fig. 6.1. Left panel: Particle formation rate as a function of H2SO4 monomer
concentration at 278 K and [NH3] = 10 ppt. Right panel: Logarithmic partial
derivatives of the particle formation rate with respect to the sulphuric acid (red
solid line) and ammonia (dark blue solid line) monomer concentrations, the am-
monia derivative corrected with ǫNH3 � 1 (light blue solid line), and the number
of sulphuric acid (red dashed line) and ammonia (dark blue dash-dotted line)
molecules in the critical cluster, defined here as the highest energy barrier on the
main growth pathway.

number of molecules can in principle be solved as the sum of the correction
terms is always one. Making a single linear fit to a set of measurements
where the critical cluster varies from point to point will also lead to an
incorrect attribution of the critical cluster.

6.4.2 Cluster-cluster collisions (assumptions A and B)

In the presence of a strong base, such as DMA, small strongly bound
acid-base clusters may be abundant enough to contribute significantly to
cluster growth [37, see also 53]. Figure 6.2 shows the formation rates and
their slopes at [DMA] = 10 ppt both in a simulation where only monomer
collisions and evaporations are considered, and in a simulation where
cluster–cluster processes are included. Depending on the H2SO4 concen-
tration, the formation rate of the case where only monomer processes are
included can be either lower or higher than in the case where all possible
processes are taken into account: When cluster–cluster collisions are al-
lowed, they contribute significantly to the growth, and as the growth rate
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is higher, cluster concentrations are lower (see Sec. 6.A.2). The forma-
tion rate of clusters of a certain size depends both on the concentration
of smaller clusters and on their growth rate; at low acid concentrations
the effect of the growth rate dominates and the formation rate is higher
when all collisions are allowed, and at higher acid concentrations the ef-
fect of cluster concentrations dominates. It should be noted, however, that
forbidding cluster–cluster collisions is only a hypothetical tool for under-
standing how they affect the formation rate, and that there is no reason
to believe that cluster–cluster collisions would not contribute to particle
formation in reality if cluster concentrations are significant compared to
monomer concentrations. Based on the cluster energies, fragmentation
rates of clusters into two smaller clusters may in some cases be compar-
able to monomer evaporation rates. Fragmentation was allowed when also
cluster–cluster collisions were allowed and forbidden when they were not.
However, from the simulations, it was observed that the fragmentation
processes had little effect on the particle formation rate. In the case where
cluster–cluster collisions were enabled, disabling fragmentation changed
the particle formation rate at most less than 0.25%.

In situations where small clusters are abundant and cluster–cluster colli-
sions cannot be neglected, the derivation of the nucleation theorem is not
valid and the slope of the formation rate does not, even in principle, give
information on the critical size. This is the case when formation of the
smallest clusters is energetically favorable. If there is no energetic barrier
and no critical cluster at larger sizes, the particle formation rate is approx-
imately proportional to the precursor concentrations, and the slopes are
close to one in accordance to the nucleation theorem. If, on the other hand,
there is a critical cluster at some larger size, the nucleation theorem is not
valid [53].

In conditions of Fig. 6.2, cluster formation is barrierless, partly because
energy barriers are avoided by collisions with small clusters instead of
subsequent additions of monomers. If, on the other hand, only monomer
collisions are allowed, the energy profile along the formation pathway has
a local maximum at the cluster size (H2SO4)3 · (DMA)2. However, as this
is not a global maximum but instead has a negative formation free energy
compared to monomers, its location cannot be inferred by slope analysis
from Fig. 6.2.
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Fig. 6.2. Left panel: Neutral particle formation rate at [DMA] = 10 ppt. Right
panel: Logarithmic partial derivatives of the formation rate with respect to the
sulphuric acid (red) and DMA (green) monomer concentrations. Cluster–cluster
collisions and evaporations are either allowed (solid lines) or disabled (dashed
lines).

6.4.3 External losses (assumption C)

When particles are forming, growth and evaporation are usually not the
only processes at play as assumed in the nucleation theorem. Instead, the
clusters may be lost by coagulating onto larger particles or, in laboratory
experiments, by depositing to walls before they reach a detectable size.
The effect of these external losses is strongest when cluster formation and
early growth are slow compared to the loss rate. The flux between con-
secutive clusters g and g + 1 can still be written according to Eq. (6.2) as
Jg � β1,g n1 fg −α1,g fg+1, but the steady-state flux is no longer equal for dif-
ferent cluster sizes k as some of the clusters are lost on the way. The cluster
concentrations are overall lower than in the absence of losses, and the rel-
ative difference increases with cluster size as more clusters are lost at each
growth step. Therefore both the forward and backward fluxes are lowered
compared to the loss-free case. For each pair of consecutive clusters, the
relative decrease in concentration is larger for the the bigger cluster, and
thus the backward flux is lowered relatively more than the correspond-
ing forward flux. As a consequence, at small sizes where evaporation is
important, the net flux increases, and at larger sizes where evaporation is
negligible the net flux decreases.
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In experimental studies, formation rates are typically evaluated at a dia-
meter larger than the critical cluster size, and we focus here on such a
case. We also assume that the external losses are independent of the pre-
cursor concentration and particle formation rate, which is mostly relevant
for chamber experiments where deposition to walls is the major loss mech-
anism. An increase in precursor concentrations then typically increases
the particle formation rate both directly and by increasing the growth rate
and thus reducing the relative effect of losses, and thus the slope of the
formation rate with respect to vapour concentrations is higher than in
the absence of losses. In a (pseudo-)one-component case the situation is
straightforward, and the effect of losses has been studied previously for
binary H2SO4-H2O nucleation [28], and can even be treated analytically
[54, note that the earlier version in 26, had an error]. In a multi-component
system, on the other hand, the presence of several molecule types with
possibly very different monomer concentrations, as well as potential com-
petition between different formation pathways, complicates the situation
and the effect of losses on the slope is not as straightforward.

Figure 6.3 shows the effect of external losses on the behavior of the steady-
state formation rate in the sulphuric acid–DMA system. The losses were
modeled using a size-independent loss constant of either 2.6 · 10−3 s−1 or
2.3 · 10−2 s−1 corresponding to coagulation losses at the Hyytiälä boreal
forest station [55] and wall losses the IfT-LFT flow tube [56], respectively.
It should be noted that the simulations do not aim to mimic atmospheric
conditions or a flow tube experiment, but only to probe the effect of losses
of different magnitudes in an otherwise ideal system.

As stated above, at T = 278 K and [DMA] = 10 ppt there is no critical cluster
in the acid–DMA system. However, in the presence of wall losses, the
slopes can be close to four for both sulphuric acid and DMA, which the
nucleation theorem would interpret as a critical cluster of seven molecules
in total, taking into account the correction terms ǫi which sum up to one.
Corresponding results for the sulphuric acid–ammonia system are presen-
ted in the upper panel of Fig. 6.4. Also in this case the losses lower the form-
ation rate and increase its slope with respect to sulphuric acid. However, at
low sulphuric acid concentrations when the ammonia concentration is sub-
stantially higher than the acid monomer concentration, the relative effect
of losses increases with increasing ammonia concentration and the slope
of the formation rate with respect to ammonia is lower than in a loss-free
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Fig. 6.3. Left panel: Neutral particle formation rate at [DMA] = 10 ppt with no
external losses (solid line), with a coagulation loss coefficient 2.6 · 10−3 s−1 corres-
ponding to the Hyytiälä boreal forest station [55] (dashed line) and with a wall loss
coefficient 2.3 · 10−2 s−1 corresponding to the IfT-LFT flow tube [56] (dash-dotted
line). Right panel: Logarithmic partial derivatives of the formation rate with
respect to the sulphuric acid (red) and DMA (green) monomer concentrations.

case. At lower ammonia concentrations when [H2SO4] ≫ [NH3] (lower
panel of Fig. 6.4) losses reduce the slope of the formation rate with respect
to both sulphuric acid and ammonia concentrations. External losses do not
affect the cluster energetics, and in both of these examples also the main
growth pathway remains unaltered. Therefore the identity of the critical
cluster is not affected by losses while the slopes change considerably, im-
plying that the nucleation theorem is no longer applicable when loss terms
are allowed. In a multi-component system, the slope determined from
formation rates measured above the critical size can be either increased
or decreased by losses, and the nucleation theorem does not even give an
upper or lower limit to the critical cluster size. In field observations, the co-
agulation sink varies between measurements, and no general conclusions
about losses can be made. Clusters can also coagulate with freshly formed
particles, complicating the situation further, and the effect of this process
on the slope of the formation rate is discussed in Sec. 6.4.7.
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Fig. 6.4. Upper left panel: Neutral particle formation rate at [NH3] = 10 ppt with
no external losses (solid line), with a coagulation loss coefficient 2.6 · 10−3 s−1

corresponding to the Hyytiälä boreal forest station [55] (dashed line) and with a
wall loss coefficient 2.3 ·10−2 s−1 corresponding to the IfT-LFT flow tube [56] (dash-
dotted line). Upper right panel: Logarithmic partial derivatives of the formation
rate with respect to the sulphuric acid (red solid, dashed and dash-dotted lines)
and ammonia (light blue lines) monomer concentrations, where the ammonia
derivative is corrected by subtracting ǫNH3 � 1. Lower panels: same as the upper
panels but with a constant sulphuric acid concentration of 107 cm−3 and a varying
ammonia concentration.
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6.4.4 Definition of the precursor concentration (assump-

tions E and H)

The sulphuric acid concentration is usually measured with a chemical ion-
ization mass spectrometer (CIMS), which charges sulphuric acid molecules
with nitrate ions and then detects them by mass spectrometry. How-
ever, the CIMS most probably also ionizes acid hydrates H2SO4 · (H2O)n ,
acid–base clusters H2SO4 · base)m and hydrated acid–base clusters H2SO4 ·
(base)m · (H2O)n [57–59], and after ionization the water and/or base mo-
lecules are lost. Consequently, the signal due to pure H2SO4 monomers
is indistinguishable from the signal due to other clusters containing one
sulphuric acid molecule, and the measured sulphuric acid concentration is
not equal to the monomer concentration relevant to the nucleation theorem
if cluster concentrations are non-negligible. Our quantum-chemical calcu-
lations indicate that H2SO4 · DMA clusters are very strongly bound and
have significant concentrations even at ppt-level base concentrations, but
some other theoretical studies have predicted significantly weaker binding
[60, 61]. Experiments have not yet provided conclusive results regarding
the abundance of H2SO4 · base dimers, but the recent results of Almeida
et al. [46] show that presence of DMA increases substantially the concen-
tration of clusters containing two H2SO4 molecules. On the other hand,
it is well-known that H2SO4 molecules form hydrates at ambient relative
humidities [58], and the CIMS is assumed also to detect H2SO4 · (H2O)n

clusters as pure H2SO4 vapour. Therefore the conclusions of this section
are also relevant for all sulphuric acid nucleation measurements in the
presence of water.

The effect of the “definition” (whether only monomers or also acid mo-
lecules bound to other compounds are counted) of the sulphuric acid con-
centration is illustrated in Fig. 6.5 for the sulphuric acid–DMA system.
In the left panel, the solid line presents the particle formation rate as a
function of sulphuric acid monomer concentration, and the dashed line as
a function of the CIMS-measurable sulphuric acid concentration [H2SO4]
+ [H2SO4 · DMA]. At low sulphuric acid concentrations, most of the sul-
phuric acid is bound to DMA, but as the overall concentration increases,
the fraction bound to DMA decreases. Consequently, the dashed line is
shifted strongly to the right at low concentrations and somewhat less at
higher concentrations, and its slope is therefore higher than for the solid
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line. After the formation of the H2SO4 · DMA cluster, the next few steps
proceed by collisions with other H2SO4 · DMA clusters, and the process is
in practice kinetically limited barrierless one-component condensation of
H2SO4 ·DMA with a particle formation rate corresponding to the collision
rate of two such units. Since the CIMS-measurable sulphuric acid concen-
tration [H2SO4] + [H2SO4 ·DMA] is dominated by the cluster concentration
[H2SO4 · DMA] except at very high H2SO4 concentrations, the slope of the
particle formation rate with respect to this concentration is 2 and there is
no DMA dependence. This is in agreement with the nucleation theorem if
the critical cluster in barrierless coagulation is defined to be the monomer
(as is usually done), but the correct interpretation is only possible if it is
known that all measured H2SO4 molecules are bound to DMA. In practice,
the distribution of H2SO4 monomers and different clusters containing one
H2SO4 molecule is not known, and thus the application and interpretation
of the nucleation theorem, is not possible.
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6.4.5 Presence of ions (assumptions B, D and G)

Electrically charged molecules and clusters are produced in the atmo-
sphere by ionization due to galactic cosmic rays and radon decay. Ionic
clusters are able to enhance particle formation as they are strongly bound
by electrostatic forces. In the presence of other enhancing species, such
as bases, the contribution of ions to the particle formation rate depends
on the relative enhancement due to these other species. In the sulphuric
acid–DMA system at [DMA] = 10 ppt (not shown) the effect of ions on the
particle formation rate (and thus its slope) in the studied [H2SO4] range is
negligible, as DMA has a significant enhancing effect on the binding and
growth of neutral sulphuric acid clusters, resulting in the role of ions being
minor overall [46].

In the sulphuric acid–ammonia system, on the other hand, ions have a
strong enhancing effect on particle formation at low sulphuric acid con-
centrations [50]. The effect of an ion production rate of 3 ion pairs cm−3 s−1,
approximately the ionization rate in the atmospheric boundary layer [50], is
shown in Fig. 6.6. The corresponding HSO4

− and NH4
+ ion concentrations

are presented in Fig. 6.13 of the Appendix. In this case, particle forma-
tion proceeds along numerous different pathways, but at low sulphuric
acid concentrations the most important routes start by the formation of
small positive and/or negative clusters, which then recombine to form lar-
ger neutral clusters and continue to grow by addition of H2SO4 and NH3
monomers. An increase in the concentration of sulphuric acid or ammo-
nia molecules leads to an increase in cluster formation, and therefore the
logarithmic derivatives of J with respect to both monomer concentrations
are positive.

The contribution of ions to particle formation can, however, never exceed
the ion formation rate, and when this limit is approached, an increase
in monomer concentrations no longer increases the ion mediated particle
formation rate. This is seen as a flattening of the J curve and a dip in the
derivatives in Fig. 6.6. When the sulphuric acid concentration is further
increased, neutral cluster formation starts to dominate over the ion induced
pathways, and the derivatives of J increase again to join those of the purely
neutral case.

All clusters along the growth pathways within the negative and positive
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charging states have a negative formation free energy with respect to the
HSO4

− and NH4
+ ions, respectively, but both formation pathways have

local energy barriers at larger sizes. It is, however, impossible to extract
the absence of barrier in charged cluster formation or the size and com-
position of the neutral critical cluster from the slope of the formation rate.
This results from the violation of three of assumptions of the nucleation
theorem: the ion monomer concentrations are not constant (G), particle
formation proceeds along several pathways (D) and cluster–cluster colli-
sions are non-negligible (B). As a comparison, Fig. 6.6 presents also the
particle formation rate in a case where only negative clusters are present
and the bisulfate ion concentration is set to a constant value corresponding
to the maximum bisulfate ion concentration in the case with a constant ion
pair production rate. In this case, particle formation starts by the collision
of a HSO4

− ion and a H2SO4 molecule and proceeds along a single pathway
by additions of H2SO4 and NH3 monomers. Accordingly, the logarithmic
derivatives of J with respect to monomer concentrations are equal to one
for sulphuric acid and the bisulfate ion and zero for ammonia, as the first
collision is the rate limiting step and its product H2SO4 · HSO4

− has a
negligible evaporation rate.

6.4.6 Experiments where concentrations are not constant

(assumption F)

The nucleation rate appearing in the nucleation theorem is a steady-state
nucleation rate. Steady-state nucleation may indeed be achieved in a cham-
ber experiment, although the nucleation rate is typically evaluated before
the steady state is reached. Atmospheric nucleation might also, at least in
some cases, be close to a steady state. For flow tube experiments, however,
a perfectly steady state cannot be achieved. Precursor gasses can be intro-
duced into the flow tube in two ways: either they are mixed into the carrier
gas or they can be produced in situ inside the tube. The former method is
used for water vapour, bases and organic compounds as well as impurities
of the carrier air, while sulphuric acid is often produced in the tube from
SO2. In any case, the vapour concentrations are not constant along the
length of the tube, and thus a parcel of gas traveling through the tube does
not experience time-independent vapour concentrations implying that the
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Fig. 6.6. Left panel: Total particle formation rate at [NH3] = 10 ppt in systems
containing only neutral clusters (solid line), neutral as well as positively and neg-
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ion (purple circles) concentrations.

cluster formation is not in a steady-state.

An example of a flow tube experiment is presented in Fig. 6.7. The
zero-dimensional simulation assumes that gasses are locally well-mixed
and concentrations depend only on the position along the length of the
flow tube, or equivalently the time that it takes for the flow to reach that
point. In reality, the concentrations also have radial gradients, but the zero-
dimensional approach can be seen as an approximation for the situation
at the axis of the flow tube [62].4 At the beginning of the tube, sulphuric
acid, ammonia and DMA concentrations are set to 106 cm−3, 10 pptv and
1 pptv, respectively. sulphuric acid is produced at a constant rate and its
concentration increases as a function of time, but the increase gradually
levels off because of wall losses. The ammonia concentration decreases
along the length of the tube due to wall losses, and the DMA monomer
concentration decrease even more rapidly through the formation of sul-
phuric acid–DMA clusters. The particle formation rate increases at first as

4However, even here one should actually include also a loss term, as described in Sec.
6.4.3, due to diffusion loss of clusters in radial direction.
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small clusters form and gradually grow to larger sizes, but starts then to
decrease as DMA is depleted. Near the end of the flow tube the concen-
tration of formed particles starts also to decrease as losses dominate over
the formation rate. As a result, the measured apparent particle formation
rate Japp, defined as the particle concentration at the end of the tube di-
vided by the residence time, depends strongly on the time evolution of the
system. Since the nucleation theorem requires the system to be in steady
state, it should not be used for determining the critical cluster composition
in a case such as this. The critical cluster can not even be defined for a
whole experiment, because its identity changes along the tube with the
precursor concentrations. The left panel of Fig. 6.8 shows the apparent
particle formation rate as a function of sulphuric acid concentration at the
end of the tube. The right panel shows the slope of Japp with respect to
the end sulphuric acid concentration and the initial base concentrations.
At low acid concentrations, the particle formation rate is mostly limited
by the DMA being lost on walls, and therefore the formation rate has a
high slope with respect to the DMA concentration. At higher acid concen-
trations, more particles have time to form before the DMA is lost to the
walls, and the slope with respect to sulphuric acid increases. Finally, at
very high sulphuric acid concentrations, practically all DMA is used up in
particle formation and the slopes with respect to both sulphuric acid and
DMA decrease. On the other hand, the role of ammonia becomes more
important at high sulphuric acid concentrations as there is a lot of excess
sulphuric acid compared to DMA.

6.4.7 Practical problems related to analyzing field observa-

tions of particle formation events (assumptions E, G

and H)

The nucleation rate is not a directly observable quantity, but needs in prac-
tice to be calculated from cluster or particle concentration and size distribu-
tion measurements. Since clusters are lost by coagulation and deposition
during their growth from the critical cluster to detectable particles, form-
ation rate determinations at different cut-off sizes give different results. In
order to minimize the effect of losses, the particle formation rate determ-
ined at the instrument cut-off size (for instance 3 nm) is often converted to
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the nucleation rate at the assumed critical cluster size (1 or 1.5 nm) using
the formulation of Kerminen and Kulmala [14].

One critical step when applying this procedure to atmospheric data is
determining the cluster growth rate since the coagulation loss rate depends
strongly on cluster size. The growth rate also determines how long the
clusters spend in any particular size range, affecting the overall effect of
losses. The growth rate has typically been determined from the time shift
between the appearance of sulphuric acid and of small particles, which has
been interpreted as the time required for freshly nucleated clusters to grow
to a detectable size. Using the same aerosol microphysics model as in this
study (UHMA), Korhonen et al. [43] have studied the effect of inaccuracies
in determining the cluster growth rate on the estimation of the nucleation
rate at the critical size.5

In the case of a strong nucleation burst, coagulation losses increase sig-
nificantly during the event due to the large number of nucleation mode
particles, reducing the concentration of the smallest particles. This alters
the time profile of the particle concentration compared to cases where
losses are dominated by the fairly constant background particle popula-
tion, and skews the growth time determination resulting systematically in
too high values for the growth rate. This, in turn, leads to an underestim-
ation of the nucleation rate, which is most prominent at high nucleation
rates, corresponding in general to high sulphuric acid concentrations. Fi-
nally, the sulphuric acid dependent bias in the calculated nucleation rate
leads to an incorrect estimate of the exponent in the nucleation rate power
law and thus an erroneous interpretation of the nucleation mechanism.

We simulated eight events with the UHMA aerosol microphysics model
assuming a particle formation rate of the form J1.5, input � k2[H2SO4]2.
The background particle concentration and the cluster growth rate were
varied between the simulations, which corresponds to what happens also
in measurement campaigns where events on different days exhibit different
conditions. As in [5], the particle formation rate J3 at 3 nm was obtained
directly from the time evolution of the particle size distribution and the
average growth rate below 3 nm was solved from the time shift between
[H2SO4] and N3−6. The formation rate J1.5 at 1.5 nm was then estimated
using the Kerminen–Kulmala [14] formulation. A detailed description of

5Actually, at the estimated, or assumed, critical size.
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the methodology was presented by Korhonen et al. [43].

Figure 6.9 presents the synthetic measurement campaign of eight events
generated with UHMA. Each data point represents a single ‘measurement’
of [H2SO4] and the corresponding estimate of J1.5. The spread in the J1.5
values is due to several factors: each of the eight events represent different
conditions with different growth rates and coagulation sinks, the prefactor
k2 varies with time during each event, and finally the analysis method is
sensitive to the conditions of the event and does not always reproduce the
input formation rate even in more idealized conditions.

Fitting a least-squares line to the estimated nucleation rates gives a slope
of 0.92, which is clearly lower than the input exponent 2. Another set of
nucleation events with slightly different growth rates or coagulation sinks
would have lead to a different exponent. Many previous studies of atmo-
spheric new particle formation have applied the first nucleation theorem to
extensive field data by combining nucleation rate data inferred from a large
number of events, some [e.g. 63] even acknowledging that the conditions
for the validity of the nucleation theorem are not met. Our example shows,
however, that applying slope analysis to a collection of several independ-
ent data sets corresponding to randomly varying atmospheric conditions
may lead to a wrong conclusion about the dependence of J1.5 on [H2SO4].
One approach for avoiding the difficulties related to varying conditions
was proposed by Laaksonen et al. [64], who applied multivariate regres-
sion analysis to nucleation rates measured in the atmosphere. However,
this method requires prior knowledge about all compounds involved in
particle formation, and their concentrations must be measured with a suf-
ficient time resolution during the events.

6.5 Summary and conclusions

Numerous studies have used the first nucleation theorem to assess atmo-
spheric new particle formation mechanisms. According to the theorem,
derived for ideal conditions, the slope of the nucleation rate as a function
of the concentration of a nucleating compound is approximately equal to
the number of molecules of the compound in the critical cluster. In this
work, the sensitivity of the slope to various non-idealities was examined.
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We used a cluster kinetics model to simulate the formation rate of stable
small clusters consisting of sulphuric acid and base molecules. The simu-
lations were performed both in ideal conditions and in realistic conditions
where the assumptions related to the nucleation theorem are not valid.
Even in otherwise ideal conditions, the ∆G surfaces taken from quantum
chemical calculations did not comply to the assumptions made in the deriv-
ation of the nucleation theorem. However, in the sulphuric acid–ammonia
system where the formation free energy curve has several local maxima
along the formation pathway, the nucleation theorem was shown to be very
closely valid. On the other hand, any other nonidealities such as external
losses of clusters or not reaching a steady-state, were seen to destroy the
applicability of the theorem. For instance, in the presence of wall losses,
slope analysis can indicate the presence of a large critical cluster even when
cluster formation is in fact barrierless.

Furthermore, the so-called nucleation rate is in practice calculated from
the measured concentrations at larger, experimentally detectable sizes. To
assess uncertainties related to the calculation, an aerosol microphysics
model was used to simulate the growth of freshly formed particles to
detectable sizes. The slope of the calculated nucleation rate as a function
of sulphuric acid concentration was found to differ from that of the actual
formation rate used as input in the simulation.

The derivation of the nucleation theorem requires that there are no ex-
ternal losses, which is never perfectly true in reality. However, with high
enough precursor concentrations and a suitable setup, the effect of losses
on the particle formation rate may become negligible. On the other hand,
a high precursor concentration may lead to a non-negligible contribution
of cluster-cluster collisions, which also breaks the applicability of the nuc-
leation theorem. Even the less restrictive assumptions that the nucleation
is in steady state and that all conditions except for one concentration are
kept constant between different measurement points are often not fulfilled.
Thus the first nucleation theorem cannot be used to determine the critical
cluster size in most realistic situations.
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6.A Appendix

6.A.1 Validity of the multicomponent nucleation theorem

Eq. (6.9)

Figure 6.10 presents the derivatives from Fig. 6.1 together with the terms
ḡi and ǭi of Eq. (6.9). The derivatives with respect to both sulphuric acid
and ammonia are very closely equal to ḡi + ǭi , in agreement with the multi-
component nucleation theorem. The small discrepancy can be explained
by a fraction of the particle formation proceeding along an alternative path-
way [see 37, for more details]. However, while Eq. (6.9) is approximately
valid, it does not give a direct link between the slope of the particle forma-
tion rate and the critical cluster size. This can be understood by examining
the distribution (shown in Fig. 6.11) over which the weighted average of
cluster compositions is calculated to give ḡi . It is traditionally assumed

that the term 1/nk ∝ exp
(
∆Gk

kBT

)
has such a high peak at the location of the

energy barrier that this one term dominates the whole sum and ḡi ≈ g∗
i
,

but the example of Fig. 6.11 shows that several terms, some of which do
not even correspond to local maxima of the formation energy curve, may
have a non-negligible contribution to the sum. In Fig. 6.11, the sum in the
denominator of Eq. (6.9) is only computed over the monomer and the nine
smallest clusters on the formation pathway, but adding more terms would
affect merely the normalization, not the shape, of the distribution.

6.A.2 Cluster concentrations in the sulphuric acid–DMA

system

The cluster concentrations corresponding to Fig. 6.2 are presented in Fig. 6.12.
Cluster concentrations are overall higher in the hypothetical case where
cluster–cluster collisions are forbidden, compared to the case where all
collisions are allowed.
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6.A.3 Ion concentrations when the ion production rate is

fixed

Figure 6.13 presents the HSO4
− and NH4

+ concentrations corresponding to
the constant ion production rate of Fig. 6.6. At low sulphuric acid concen-
trations the bisulfate ion concentration increases with increasing sulphuric
acid concentration as there are more H2SO4 molecules available to get ion-
ized by the charger ions. The NH4

+ ion concentration, on the other hand,
has practically no dependence on the sulphuric acid concentration at low
acid concentrations, as the ammonium ions are formed when an ammonia
molecule is charged positively, and lost mainly by colliding with a second
ammonia molecule and forming an NH3 ·NH4

+ cluster. At higher sulphuric
acid concentrations, collisions with H2SO4 molecules become an important
loss mechanism for both HSO4

− and NH4
+ ions, and their concentrations

therefore decrease with increasing sulphuric acid concentration.
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Fig. 6.13. Particle formation rate at [NH3] = 10 ppt with no ions (solid red line) and
with an ion production rate IPR = 3 ion pairs cm−3 s−1 (red dashed line), and the
bisulfate and ammonium ion concentrations (purple) corresponding to the same
ion production rate.
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7 Discussion and reflections

Where you can measure what you are speaking about and ex-
press it in numbers, you know something about it, and when
you cannot measure it, when you cannot express it in numbers,
your knowledge is of a meagre and unsatisfactory kind.

– Lord Kelvin

This manifesto of positivism in physical sciences was used as an epigraph
by Strey et al. [1] in the article that featured the first nucleation theorem
as a quantitative tool to analyse nucleation rate measurements, and the
correspondence between the critical sizes obtained using the first nucle-
ation theorem and estimated from the Kelvin equation.1 However, other
viewpoints to physical realism, different to the one advocated by Kelvin
and Mach, were also emerging in the late 19th century: In his treatise of
mechanics [3], Hertz emphasised the role of physical theories and concepts
as representations, or images (Bilder), depicting the object at hand from a
certain perspective while neglecting some other aspects and possibly con-
taining unnecessary, irrelevant information, true or false.2 Now clearly the

1There is actually a small error in the citation. The original passage from Kelvin’s
published lecture Electrical units of measurement reads in it as “In physical science a first
essential step in the direction of learning any subject is to find principles of numerical
reckoning and practicable methods for is measuring some quality connected with it. I
often say that when you can measure what you are speaking about and express it in
numbers you know something about it; but when you cannot measure it, when you
cannot express it in numbers, your knowledge is of a meagre and unsatisfactory kind: it
may be the beginning of knowledge, but you have scarcely, in your thoughts, advanced
to the stage of science, whatever the matter may be.” [2, p. 73].

2For influences of Hertz’s philosophy on further development of epistemology, espe-
cially to Wittgenstein, see [4, Chap. 17].
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nucleation theorems, especially different manifestations of the first nucle-
ation theorem, are influenced by the representation of reality that is taken
as a basis when writing down the equations describing the nucleation pro-
cess, together with explicit or implicit assumptions involved considering
e.g. vapour–cluster interactions and cluster mobility. As such, depicting
the critical cluster as a stationary and incompressible object surrounded
by ideal gas, as done in the thermodynamic derivation of the first nuc-
leation theorem, can be seen as a misapplication of the Ockham’s Razor
[cf. 5], where the perceived image of the problem ignores some potentially
relevant physical parameters for the sake of simplicity.

7.1 How to interpret the first nucleation theorem?

Let us look Eq. (1.3) again: (
∂ ln J

∂ ln S

)
T

≈ ∆g∗(+1).

Leaving aside the most obvious source of error, data corresponding to
different temperatures (and pressures; cf. Sec. 6.4.7 and assumptions G
and H in Table 6.1), there are three terms that need to be defined for
any meaningful interpretation of this relation: what is understood with
(steady-state) nucleation rate J, saturation ratio S, and the excess critical
number of molecules ∆g∗? Considering first the second of these, statistical
mechanic, and thermodynamic derivations for the first nucleation theorem
agree only when vapour is assumed to behave as an ideal gas, when also
the approximation in Eq. (1.3) turns into an equality. In this case we can
also replace d ln n1 with d ln S for isothermal (and isobaric) changes and
recover the kinetic form of the first nucleation theorem with g∗ replaced by
ḡ. On the other hand, derivations using both conventional and small sys-
tem thermodynamics, together with statistical mechanic derivations with
a loose definition of what comprises the cluster [6], allow also inclusion of
nonideal vapour effects (Sec. 3.5.2); the thermodynamic derivation neglects
the translation and rotation of the cluster as whole, while it is implicitly



7.1. HOW TO INTERPRET THE FIRST NUCLEATION THEOREM? 199

included in the statistical mechanic derivation via dependence of the par-
tition function on the thermal de Broglie wavelength (Sec. 3.A.1); and
possible other neglected physical processes.3 Consequently, even when
neglecting effects due to nonisothermality and -ideality, compressibility,
and the Poynting effect (Sec. 3.5.2), cluster loss (Chap. 5), and other factors
listed in Table 6.1, the resulting excess critical sizes ∆g∗

td, ∆g∗
sm, ḡ, 〈∆g〉

and the nucleation exponent P differ from each other due to different as-
sumptions used to derive such quantities.

• A rate expression not fulfilling the law of mass action, i.e. the in-
correct identification of the intensive work of formation ∆W ∗ [see
Eq. (2.25] and the work of formation W ∗ can either lead to the omis-
sion of the correction term

∑
i ǫi (� 1 in single-component case), or

into opposite situation, where
∑

i ǫi � 2.

• The above-mentioned omission of sub-critical cluster losses from the
physical description may also result due to lack of rigour or treatment
based on chemical kinetics, where it, however, can be seen as a usable
approximation when g∗

i
is large, but leads to serious misinterpreta-

tions when the critical cluster is small (cf. Figs. 6.4 and 6.10).

• Thermodynamic derivations together with those based on mean-field
theories neglect the movement of the cluster as whole, which leads
to conclusion that g∗

td < g∗
sm at identical conditions (Sec. 7.A).

• Nishioka [8] has shown that even in the framework of CNT, kinetic
and thermodynamic critical sizes generally differ from each other,
with the kinetic critical size being smaller than the thermodynamic
one. This conclusion pertains also to ḡ and g∗

td, which are supposed
to differ slighty from each other even for nucleation from isothermal
vapour for a system that strictly follows Szilárd–Farkas description.4
An example of this phenomenon can actually be seen in Fig. 2 of
McGraw and Wu [10], where the 1/ng distribution (note that 1/ng �

e∆W∗/kBT/n1) peaks at slightly larger cluster sizes than the 1/βgng

distribution.

3Yet another dividing line can be drawn between atomistic, i.e. kinetic, statistical
mechanic, and “chemical” derivations, and those based on continuum thermodynamics
[7].

4For discussion on a similar effect in solid solutions and its relation to the principle of
detailed balance, see [9].
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• In the case of the nucleation exponent P, it is obvious from the de-
rivation (Sec. 3.A.2) that one has to assume some constant P (approx-
imating g∗) that does not depend on the monomer concentration n1
(or saturation ratio S), which limits the validity of the slope analysis
to small intervals in n1. This point was already acknowledged by
Nielsen [11, p. 18]. Furthermore, as already noted, there is no kin-
etic contribution due to Zel’dovich factor, i.e. returning flux crossing
the nucleation barrier, in derivation based on chemical reaction-rate
analysis.

The first two items on the list above have clearly the biggest influence on the
interpretation of the first nucleation theorem, as the last two contribute, in
most conditions, less than one molecule into obtained ∆g∗. Thus, based on
considerations above it seems safe to identify ∆g∗ obtained from the first
nucleation theorem with the excess number of molecules in the critical
cluster, if there are no precritical cluster losses, if both J and S (or n1)
can be accurately determined, if the system is in steady-state, and if the
system follows the Szilárd–Farkas description, i.e. collision–fragmentation
processes that do not include monomers can be neglected [12, for another
computational example, see also 13].

Nucleation processes that do not follow Szilárd–Farkas kinetics have re-
cently obtained a lot of attention in condensed matter studies, where those
have been titled as “nonclassical nucleation” [14–17], while similar pro-
cesses have also postulated for the atmospheric NPF [18]. Overview of
thermodynamics and kinetics of nonclassical nucleation [19] suggests that
the apparent barrier for the nucleation can range from nonexisting to very
large, depending on the stability and the size distribution of sub-critical
clusters. Furthermore, clusters with different sizes may interact directly
via coagulation, or indirectly via Ostwald ripening [20]. As a result, both
the height of the effective nucleation barrier, and its location with respect to
the energy minimum corresponding to stable, sub-critical clusters varies.
Both of these effects play down the applicability of nucleation theorems
for nonclassical nucleation processes.

To overcome the effects of varying apparent critical sizes, Laxson and Finke
[21, see also 22] have argued that one should differentiate the critical nuc-
leus, defined in a manner similar to CNT, kinetically effective nucleus (KEN),
and the first observable cluster (FOC). KEN is defined as “the observed re-
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action order in a kinetically demonstrated nucleation step, specifically the
reaction order, n, in the assembling monomeric precursor A, in a kinet-
ically demonstrated nucleation step, [A]n”, and can be seen equivalent
to the nucleation exponent P resulting from the slope analysis. Laxson
and Finke propose that one should identify KEN as 2 (sulphuric acid mo-
lecules) in atmospheric NPF, as well as in other strongly-bonded systems
(i.e. systems where molecules form multiple hydrogen bonds or other
bonds stronger than a hydrogen bond, e.g. metal–metal bonds).5 In this
sense, KEN corresponds to the apparent kinetic critical size g̃. FOC, on the
other hand, is defined as the smallest cluster size available for direct ob-
servations that, depending on the instrumentation used, would generally
be much larger than the “true” critical size in vapour–liquid nucleation.
Their model, although based on noteworthy philosophical considerations
concerning the limitations of the scientific method to study nucleation pro-
cesses, neglects most of the other uncertainties listed in Table 6.1, and thus
may not be applicable into nucleation from vapour (especially in the at-
mosphere): For example, it has been noted that also models where critical
clusters are known to contain more than two sulphuric acid molecules [24]
can result in P � 2, if cluster losses are accounted for (see also Fig. 5.3).
Also, relatively stable sub-critical clusters contributing to the nonclassical
pathway for nucleation may fulfil this definition of KEN, although those
are not thermodynamically stable (in the sense that these clusters have not
crossed the nucleation barrier). On the other hand, FOC can also be smal-
ler than the critical cluster size: An example would be an application of a
particle size magnifier [25] typically using vapour of glycol or some other
liquid with very low equilibrium vapour pressure condensing on small,
sub-critical clusters, composed e.g. of hydrated sulphuric acid, leading to
the stabilisation of these clusters and effectively opening up a new channel
for NPF. For the corresponding interpretation of resulting g̃ based on the
kinetic nucleation theorem, see Chap. 5.

5Results of Laxson and Finke are supported by results on studies of the formation
of iridium nanoparticles [21], where KEN of 2 was deduced. On the contrary, Chang
et al. [23] have recently observed a precritical cluster population in accordance with the
CNT-description for platinum nanoparticle formation.
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7.2 Correspondence of the Kelvin equation and

the first nucleation theorem

In Chap. 4, experimental data was evaluated within the assumption that
the size predicted by the first nucleation theorem coincides with the pre-
diction of the Kelvin equation, leading to the displacement barrier height
analysis (Sec. 3.2.1). Since the original publication of Chap. 4, several stud-
ies reporting homogeneous nucleation rate measurements of waters [26–
30], alkanols [31–36], and alkanes [29, 37, 38] have been reported. Results
of these studies do not, in general, change the conclusions presented in
Chap. 4, though there are some anomalies that require a more detailed
inspection.

Girshick [39] has pointed out that based on recent experimental and com-
putational results, CNT does not predict the saturation ratio dependence of
nucleation rate correctly after all, resulting in a deviation of the prediction
of the Kelvin equation from the first nucleation theorem.6 Especially inter-
esting here are the recent results on water nucleation [26, 27, see also, 41],
which show anomalous correlation between g∗ and g∗

CNT: At small critical
cluster sizes, corresponding to high nucleation rates, experimentally detec-
ted g∗ from the first nucleation theorem and g∗

CNT are in a good agreement
with each other. On the other hand, at large critical cluster sizes, g∗ < g∗

CNT,
a result that seems counterintuitive. As a recent computational study [42]
suggests that the Kelvin equation is valid for all clusters large enough to
reach uniform density at the centre (corresponding to ca. 40 molecules,
which coincidentally agrees with the size where the observed correspond-
ence between the Kelvin equation and the first nucleation theorem ceases
to hold),7 the observed deviation of g∗

CNT from g∗ might be attributed to
problems related to the application of the first nucleation theorem. The ob-
served size-dependence is well in line with the effect of sub-critical cluster
loss on the first nucleation theorem, though further work is required for
a quantitative analysis, as numerical modelling of sub-critical cluster dy-

6The connection to problems with proper application of the first nucleation theorem
was first noted Hansen [40], referring to the original publication of Chap. 6.

7In Ref. [42], indirect MD calculations with a simple monoatomic water model [43]
were performed and the obtained density profiles were validated using first principles
simulations.
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namics inside a cloud chamber or a flow tube is needed to calculate the
loss rates Lg.

Systematic studies of n-alkanols using nucleation chambers [34] and su-
personic nozzles [36] have resulted in a similar phenomenon for ethanol
and n-butanol, though the effect here is less significant. As there is likely
a smaller diffusion loss in these expansion-based setups, the result is in
agreement with possible precritical cluster loss effects on g̃. It was also
found that the self-coagulation rate of nucleated droplets was enhanced
from that of pure Brownian motion, which causes some extra uncertainty
on the analysis of data from supersonic nozzles [36]. Also the nonideal
behaviour of ethanol in these experiments [34] is remarkable.

7.3 Implications and perspectives

Although the application of the first nucleation theorem into laboratory
measurements of vapour–liquid nucleation and atmospheric new particle
formation, as discussed in Sec. 1.2, fulfils Kuhn’s definition of normal sci-
ence, failure of nucleation theorems to provide truly model-independent
information on the nucleation process—if one is actually taking place—
can hardly be considered as a shift of paradigm.8 Instead, it remains
within the boundaries of a broader paradigm consisting of the liquid-drop

8It should be noted that the whole context here differs remarkably from other issues
related to phase transitions [44], where discourse has mainly revolved around singularities
of the partition function, which, from the statistical mechanic point of view, are impossible
for systems away from the thermodynamic limit, as it is not possible for a finite sum of
continuous exponentials to have discontinuities.9 In fact, for the nucleation phenomena, a
more fruitful and natural starting point would be the original atomism of Leucippus and
Democritus [see, for example, 45, Chap. 16], where molecules (atoms) of different species
move in vacuum and interact with each other depending on their nature, for example
molecules binding strongly to others can be described having hooks on them. This
imagery can be seen in some current representations of the first stages of atmospheric
NPF, where e.g. sulphuric [46] or methanesulphonic [47] acid molecules form strong
hydrogen bonds into certain directions, effectively binding other molecules. Again, small
system thermodynamics provides tools for rationalising such approach [48, Sec. 5.4].

9This issue has also been tackled by the microcanonical thermodynamics [49] that
provides an alternative description for small, nonextensive systems, which, to a large
extent, is analogous to small system thermodynamics.
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model and activated process dynamics [cf. 50, Secs. III and V]. Indeed,
the (negative) criticism to nucleation theorems discussed in Sec. 3.6 sup-
ports this view of nucleation theorems inside this larger, shared paradigm.
Sociology of science may provide a further explanation of the perceived
approval (and recent disapproval) of nucleation theorems, as the active
research community in partially overlapping fields of vapour–liquid nuc-
leation and atmospheric new particle formation is relatively small. In such
circumstances, the probability that a novel idea akin to nucleation theor-
ems becomes widely accepted in the research community increases signi-
ficantly if it is supported, and propagated, by few influential researchers
or studies.10 Thus, the relative popularity of nucleation theorems during
the past decades may well have been a result of the finite-size dynamics of
the nucleation community itself.

Development of cluster and nucleation measurement techniques [e.g. 32,
38, 52–55] has led us at the verge of direct measurements of critical clusters.
At least in laboratory environment, such measurements would allow direct
evaluation of nucleation theorems and assumptions therein. However, as
discussed by Ferreiro et al. [38], even with such direct observations of
the cluster distribution, identification of g∗, or even the existence of an
unambiguous critical size, is not immediately obvious.

In an atmospheric setting, direct measurements are still hindered by the
requirement of charging and subsequent exposure of clusters to low pres-
sures that distort cluster composition especially when it comes to the exist-
ence of water in such clusters [56]. Further applications of the nucleation
theorems cannot be recommended before such direct experimental con-
firmation is possible (if ever), although they remain as one of the few
available alternatives to extract molecular-level information from the nuc-
leation processes. Meanwhile, parameterisations based on “activation”
and “kinetic” nucleation descriptions used in various atmospheric models
retain some pragmatic value, but interpretations of such studies should be
done with care, as there is no theoretical basis to expect such dependen-
cies. From philosophical point of view, however, inapplicability of the first
nucleation theorem to atmospheric NPF does not pose any significant chal-

10A complementary viewpoint is provided by the memetic theory [51, Chap. 11]
considering ideas and models as independent agents, Darwinian replicators radiating
from one mind to another. The only difference between these views is whether we
consider scientists as conscious beings on their own right or not.
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lenge for the modelling studies, as in general it is not possible to completely
verify or validate any numerical model that describes natural phenomena
[57]. Hoffmann et al. [5] propose that to describe real chemical systems
in the atmosphere, simple models may be valuable for the understanding
the driving factors of underlying dynamics, while for the predictability, a
more detailed description is required. For nucleation/atmospheric NPF,
although closely resembling atmospheric chemical reaction dynamics, I
have to arrive with an opposite conclusion: simple models may have some
power to predict observed trends, but for mechanistic understanding of
cluster processes behind atmospheric NPF, more detailed description of
the processes is required to avoid caveats of naïve simplifications. Simple
models may, however, be useful when provoking new research questions.
Thus, further applications of nucleation theorems in atmospheric sciences
into other cases than NPF, such as heterogeneous nucleation [58–60] that
generally requires lower supersaturations when compared to NPF, should
be developed. However, also here one can expect complications due to
non-classical nucleation processes [15], adsorption effects [61], etc.

7.A Appendix: Effect of cluster translation and

rotation on g∗

Thermodynamic derivation of the first nucleation theorem yielding ther-
modynamic critical size g∗

td [62] considers only clusters that are immobile
in the laboratory (or corresponding) frame of reference. However, clusters
undergo Brownian motion due to collisions with vapour and carrier gas
molecules. Using nonequilibrium thermodynamics, Reguera and Rubí
[63] have pointed out that if both translation and rotation of the cluster at
whole are taken into account,11 the total free energy barrier for nucleation

11Such a correction to the W∗ was first derived by Volmer [64, Sec. 4.A], and applied
into analysis of experimental data by Sander and Damköhler [65], whilst slightly differ-
ent estimates for the same correction to the Kelvin equation were independently derived
by Kuhrt [66] and Rodebush [67]. Further theoretical work along these tracks—how to
account for the missing degrees of freedom when condensing g vapour molecules, each
having their own set of translational and rotational degrees of freedom, into a single
cluster—was done by Lothe and Pound [68], who argued that this results in a gross
underestimation of the partition function of the cluster, and consequently introduces a
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becomes
∆G(g) � ∆Gtd(g) + 4kBT ln g, (7.1)

where the thermodynamic free energy barrier∆Gtd(g) is given by Eq. (2.2).
If one approximates ∆Gtd(g) using Eq. (2.8), setting (∂∆G∗/∂g)g�g∗ � 0
results in a cubic equation for the theoretical g∗, which suggests that there
should be a corresponding analytic amendment for the first nucleation
theorem as well. Differentiating both sides of Eq. (7.1) with respect to ∆µ
while keeping T constant gives(

∂∆G

∂∆µ

)
T

�

(
∂∆Gtd

∂∆µ

)
T

+

(
∂4kBT ln g

∂∆µ

)
T

� g∗
td +

4kBT

g

(
∂g

∂∆µ

)
T

.

Applying the W-form of the first nucleation theorem, rearranging and
evaluating the obtained expression at g � g∗ results in(

∂2
∆G

∂∆µ2

)
T;g�g∗

− g∗

4kBT

(
g∗ − g∗

td

)
� 0, (7.2)

which gives the deviation of g∗
td from g∗ in terms of the curvature of

∆G(∆µ).12 Assuming the validity of the first nucleation theorem this
curvature can be expressed as (∂2

∆G/∂∆µ2)T,P � (∂g∗/∂∆µ)T,P > 0, since
increasing supersaturation13 implies decreasing critical size. Hence Eq. (7.2)

replacement free energy into the expression of the nucleation rate that increases J up to
17 orders of magnitude. Reiss and coauthors [e.g. 69–71] have argued that the replace-
ment free energy should be substantially smaller, owing to the overcounting of available
partitions of the phase space by Lothe and Pound, and that the application of the capil-
larity approximation and a proper accounting of the mixing entropy reintroduce some of
the ostensible missing degrees of freedom. However, the issue continues to be debated
[see, for example, 72]. It should be noted, though, that the effect of the translational–
rotational correction to ∆G discussed here arises via different physical mechanism than
the correction leading to the replacement free energy [63]: the first one is an entropic
nonequilibrium effect due to cluster diffusion [see also 73], while the latter one is due to
improper description of the equilibrium properties of the cluster.

12Kashchiev [74] has proposed a more approximative treatment writing W∗
�

∆Gtd(g∗
td) + 4kBT ln g∗

td, where the critical size g∗
td (i.e. critical size without translational

and rotational correction) is used. If the reasoning above is followed, Kashchiev’s treat-
ment leads to the conclusion that there is no critical size at all, since Eq. (7.2) implies now
that derivatives are evaluated at an inflection point instead of a maximum in ∆W , or,
equivalently, a critical size that is independent of supersaturation.

13∆µ < 0 for supersaturated vapour.
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results in that g∗ > g∗
td, which is intuitively clear directly from Eq. (7.1), as

monotonously increasing perturbation to ∆Gtd(g) shifts the location of the
maximum towards larger g.

In their statistical mechanic derivation of the first nucleation theorem,
Bowles et al. [75] explicitly included the effect of translation on their cluster
description. In such case, the correction term to ∆Gtd reads as 3kBT ln g/2
[76], which results in a correspondingly smaller correction to g∗. On the
other hand, for molecular clusters in typical temperatures for nucleation
experiments, rotational degrees of freedom are not frozen out, so one can
argue that these are implicitly included in canonical ensemble description
through the equipartition of energy, leading to some ambiguity in the
actual meaning of g∗

sm . This inconsistency arises through description of
(ideal) vapour molecules as point masses that pose no angular momentum.
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Appendix On continued fractions

In this Appendix a very short introduction to continued frac-
tions is given, and a theorem concerning the derivative of a fi-
nite continued fraction—applied in Chapter 5—is proven. The
derivative of a finite continued fraction of a complex variable
(the most natural domain to study analytic theory of continued
fractions is the Riemann sphere Ĉ) is derived by presenting the
continued fraction as a component of a finite composition of
Ĉ

2 → Ĉ2 linear fractional transformations of analytic functions.
Connections to previous work and possible applications of the
deduced formula are briefly discussed.

A.1 Continued fractions

Numbers in form

a0 +
a1

b1 +
a2

b2 +
a3

. . .

with real or complex elements ak and bk , k � (0), 1, 2, . . ., are known
as continued fractions (a more elaborate definition is given in the next
section). A beautiful example of such expression is given by the golden

215



216 APPENDIX . ON CONTINUED FRACTIONS

ratio,
1 +

√
5

2
� 1 +

1

1 +

1

1 +

1

1 +

1

. . .

If we have aN � 0 or |bN+1 | � ∞ for some N , the continued fraction
truncates after N levels and is thus a finite one. Much work involving
continued fractions has been done by number theorists, whereas analytical
work and applications have played smaller but still noticeable role [1]. In
analytical theory, properties of sequences {ak}k≥0 and {bk}k≥1 are studied
from the viewpoints of convergence, correspondence and classification of
continued fractions, as well as truncation-error analysis and algorithmic
properties, which arise from computational uses of continued fractions for
approximation and inter- and extrapolation of functions. In this context,
notation1

∞

K
k�1

(
ak

bk

)
� a0 +

a1

b1 +
a2

b2 +
a3

. . .

, (A.1)

analogous to
∑

- and
∏

-notations for sums and products, respectively, is
customarily used. Part of the motivation for the analytical work stems
from the fact that several special functions have also a continued fraction
presentation in addition to series and/or integral one [2]. In fact, it is
possible to expand any continued fraction formally into a rational function
or power series form, although the domain of convergence of these various
presentations may be different. A further generalisation into continued
fraction function is now obvious in analogy to function series and products,
if sequences ak(z) and bk(z) are functions of a (complex) argument z. As

1This notation was introduced by Gauss after Kettenbruch.
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an example, we can consider the exponential function,

ez
� 1 +

2z

2 − z +

z2/6

1 +

z2/60

1 +

z2/140

. . .

It should be noted that such continued fraction expansions are not unique,
though.

An immediate application of functional continued fractions follows from
the solution of second-order difference equations; the specific example
motivating the work described in the next section is Eq. (5.13).

A.2 Applications of continued fractions to vapour–

liquid nucleation studies; or, the absence of

those

Despite being a well-known tool in nonequilibrium statistical mechanics
and fluctuation theory [3, 4], continued fraction methods have only been
marginally utilised in vapour-to-liquid nucleation studies so far (in contrast
to studies of other phase transitions): A straightforward application of the
general theory occurs in [5]. Wilemski [6] has derived an algorithm for
the efficient calculation of the Becker–Döring sum that can be classified
as a continued fraction algorithm. The continued fraction solution for the
generalised Szilárd–Farkas kinetics applied in Chap. 5 was first obtained
by McGraw and Marlow [7], and later independently by McClurg [8]; the
corresponding recurrence relation was also obtained and used by Warren
and Seinfeld [9].2 The third equivalent formulation—that of a rational
function—was derived by Laaksonen [11], who, however, only considered
supercritical clusters neglecting evaporation terms.

2Also McGraw’s [10] quadrature method of moments uses continued fraction -based
algorithms to compute the numerical solution for the general dynamic equation describing
simultaneous nucleation, condensation and coagulation.
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One can only wonder why continued fractions have not been utilised more
efficiently in nucleation studies. A possible reason is that continued frac-
tions are awkward to deal with when applying the standard operations of
calculus, i.e. differentiation and integration. In fact, prior to the work lead-
ing to this thesis, there was apparently no publication giving the general
formula for the derivative of a continued fraction function with respect to
its argument even in the finite case, which is actually trivial as one could
always expand the continued fraction into a form of rational function.

A.3 Derivative of a continued fraction3

A.3.1 Introduction

Continued fractions

∞

K
k�n

(
ak

bk

)
� bn−1 +

an

bn +

an+1

bn+1 +
an+2

. . .

(A.2)

occur frequently in applications due to close connections between contin-
ued fractions and second-order difference and differential equations [12].
Although it has been known since the pioneering work of Euler that one
can convert a continued fraction into a power series, implying analyticity
in the whole domain of definition as long as the elements ak and bk are
analytic, it is difficult to give general formulae for the derivatives of a con-
tinued fraction with respect to its argument. In some cases this can be
accomplished by utilising a connection between a given continued fraction
and a special function (e.g. [13], see [2] for further possibilities). So far
most studies have concentrated on the more mathematically interesting
case of an infinite continued fraction. In applications, however, boundary

3This Section incorporates material from the article J. Malila. The derivative of a finite
continued fraction. Applied Mathematics E-Notes 14 (2014), 13–19. I warmly thank Dr.
Eimear Dunne for her critical reading and comments on the manuscript of the original
article.
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conditions—or computational limitations—lead to the truncation of the
continued fraction (A.2) after a finite number of levels, resulting in a finite
continued fraction KN

k�n(ak/bk). Here we derive a general formula for the
derivative of this finite continued fraction by presenting it as a finite com-
position of linear fractional transformation of analytic functions. We then
briefly discuss the connections between the deduced formula and partial
derivatives with respect to elements ak and bk .

A.3.2 Preliminaries and the main result

We consider a finite continued fraction
N

K
k�n

(
ak

bk

)
�

an

bn +

an+1

bn+1 +
an+2

. . .

bN−1 +
aN

bN

, (A.3)

where ak and bk are functions of a complex argument z that we suppress for
brevity. This finite continued fraction is also known as the Nth approximant
of the infinite continued fraction (A.2). (We neglect the term bn−1 for
simplicity, which does not affect the generality of our results.) For N − n >

ℓ ≥ 1, the expression KN
k�n+ℓ(ak/bk) is known as the ℓth tail of the finite

continued fraction (A.3).

Now let {ak}k≥n and {bk}k≥n be two sequences of complex-valued analytic
functions with domains Ψ and Ω ⊂ C, respectively. We define a third
sequence of functions {gk}k≥n as

gk(z , ζ) �
(
gk ,1(z), gk ,2(z , ζ)

)
�

(
z ,

ak(z)
bk(z) + ζ

)
, (A.4)

with domain G ⊂ Ψ ∩ Ω × B(0, RG) ⊂ Ĉ2 such that gk(G) ⊆ G for all
k � n , . . . ,N ; here B(0, RG) is an open disk with radius RG < ∞ and
Ĉ � C ∪ {∞}. We set the (finite) G → G composite function

fn→N(z , ζ) � ( fn→N,1, fn→N,2) :� gn ◦ gn+1 ◦ · · · ◦ gN(z , ζ), (A.5)
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where subscript n → N indicates the extent of the composition.

THEOREM 1. Assuming that aℓ(z), bℓ(z)+gℓ+1,2(z , ζ) , 0 for ℓ � n , . . . ,N−
1 and bN(z) , 0 for all (z , ζ) ∈ G, it follows that

(i) fn→N is analytic

(ii) fn→N,2 evaluated at (z , 0) equals the finite continued fraction (A.3).

PROOF. Claim (i) follows since gk ,1 and gk ,2 are C → C linear fractional
transformations of analytic functions that are bounded and continuous for
every (z , ζ) ∈ G and k � n , . . . ,N . Thus fn→N is also analytic as a finite
composition of analytic functions [14, Sec. 2.1].

Now fn→N,2(z , 0) � KN
k�n(ak/bk) is a well-defined G → C function corres-

ponding to the standard definition of the (nth tail of a) continued fraction
[12, Sec. I.1], thus satisfying claim (ii). �

LEMMA (Chain rule). The chain rule for fn→N,2 reads as

∂ fn→N,2

∂z
�

N∑

j�n

©«
j∏

m�n+1

∂gm−1,2

∂gm,2

ª®¬
∂g j,2

∂z
. (A.6)

PROOF. From Theorem 1 all gk ,2 are analytic and ∂gk/∂(z̄ , ζ̄) �

(
0 0
0 0

)
.

Equation (A.6) is most conveniently proven by induction; the argument
is essentially the same as that of Gill [15], but is repeated here for the
convenience of the reader. First, letting N � n + 1, the result follows
directly from the usual chain rule:

P1 :
∂ fn→N,2

∂z
�

∂gn,2

∂gn+1,1

∂gn+1,1

∂z
+

∂gn,2

∂gn+1,2

∂gn+1,2

∂z

�

∂gn,2

∂z
+

∂gn,2

∂gn+1,2

∂gn+1,2

∂z

�

n+1∑

j�n

©
«

j∏

m�n+1

∂gm−1,2

∂gm,2

ª®¬
∂g j,2

∂z
,

where
∏n

m�n+1 · · · � 1. We now assume that Eq. (A.6) holds for N � n + k,
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i.e.

Pk :
∂ fn→N,2

∂z
�

n+k∑

j�n

©
«

j∏

m�n+1

∂gm−1,2

∂gm,2

ª®¬
∂g j,2

∂z
.

To show that this implies Pk+1 , we first write fn→N (z , ζ) � gn( fn+1→N(z , ζ)).
Now with a simple change in indexing of Pk we have

∂ fn+1→N,2

∂z
�

n+k+1∑

j�n+1

©«
j∏

m�n+2

∂gm−1,2

∂gm,2

ª®¬
∂g j,2

∂z
,

so that

Pk+1 :
∂ fn→N,2

∂z
�

∂gn,2

∂ fn+1→N,1

∂ fn+1→N,1

∂z
+

∂gn,2

∂ fn+1→N,2

∂ fn+1→N,2

∂z

�

∂gn,2

∂z
+

∂gn,2

∂gn+1,2

n+k+1∑

j�n+1

©«
j∏

m�n+2

∂gm−1,2

∂gm,2

ª®¬
∂g j,2

∂z

�

n+k+1∑

j�n

©
«

j∏

m�n+1

∂gm−1,2

∂gm,2

ª®¬
∂g j,2

∂z
,

which completes the proof. �

We can now present our main result:

THEOREM 2. Under the assumptions of Theorem 1, d KN
k�n(ak/bk)/dz is

an analytic function for all z, (z , 0) ∈ G, and

d
dz

N

K
k�n

(
ak

bk

)
�

N∑

j�n

(−1) j−n+1




j∏

k�n

1
ak

[
N

K
ℓ�k

(
aℓ
bℓ

)]2


×




N

K
ℓ� j

(
aℓ
bℓ

)
−1

da j

dz
−

db j

dz




. (A.7)

PROOF. Applying substitutions

∂gk ,2

∂z
�

dak

dz
(bk + ζ) − ak

dbk

dz

(bk + ζ)2

�����
ζ�ζk
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and
∂gk ,2

∂ζ
� − ak

(bk + ζ)2

�����
ζ�ζk

with ζk � fk+1→N,2 � KN
m�k+1(am/bm) for k � n , . . . ,N − 1; ζN � 0, to the

previous Lemma gives for the derivative

N∑

j�n




j∏

k�n+1

−ak−1[
bk−1 +

N

K
ℓ�k

(
aℓ
bℓ

)]2





b j +

N

K
ℓ� j+1

(
aℓ
bℓ

)
da j

dz
− a j

db j

dz


b j +

N

K
ℓ� j+1

(
aℓ
bℓ

)
2

,

from which we obtain the final result [Eq. (A.7)] after factoring out contin-
ued fractions. We can now replace the partial derivative with a total one
as KN

k�n(ak/bk) is an analytic function of z only. �

It should be noted that if ak and bk are unknown analytic functions, condi-
tions in Theorem 1 are sufficient to guarantee that the undetermined cases
0/0 or 0 · ∞ are not possible to occur when evaluating d KN

k�n(ak/bk)/dz.
However, if ak and bk are known, it might be possible to relax these con-
ditions: for example, if either aℓ ≡ 0 or bℓ+1 ≡ −KN

k�ℓ+2(ak/bk) for some
N −1 > ℓ > n, the original continued fraction simply terminates after ℓ−n
levels and we can reset N � ℓ.

A.3.3 Partial derivatives with respect to aℓ and bℓ

As an example of the application of Eq. (A.7), we turn our attention to two
special cases presented in earlier literature which give partial derivatives
of continued fractions with respect to their elements. In accordance with
the standard practice in the literature, we consider only n � 1.

The Nth modified approximant of the continued fraction (A.2) can be now
defined in our notation as f1→N,2(z , ζ) for arbitrary ζ [cf. 12, Sec. I.5]. This
allows us to extend preceding results for infinite continued fractions:
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OBSERVATION. The previous Lemma holds for all ζ ∈ B(0, RG) that are
independent of z as well as for ζ � 0. Now if we consider sequences
{ak}k≥1, ak , 0 for k < N , and {bk}k≥1, which are constants except for
subsequences {aℓ(z)}ℓ∈I and {bℓ(z)}ℓ∈J , I , J ⊆ {1, 2, . . . ,N} for some N ,
which are analytic functions of z so that K∞

k�N+1(ak/bk) is defined and
converges into ζ∞ ∈ Ĉ, the Theorem 2 also holds for ζ � ζ∞, i.e. for
K∞

k�1(ak/bk).
The rationale behind this observation is that, as long as the (ℓ + 1)st tail,
ℓ ≤ N , is constant, the Nth modified approximant of (A.2) given by the
finite composition f1→N(z , ζ∞) results f1→N,2(z , ζ∞) � K∞

k�1(ak/bk). For
the extension to an infinite composition, see [15].

Let us first consider the case where all bk and ak,ℓ are constants. Assuming
that neither aℓ nor daℓ/dz vanishes, only the term with index ℓ remains
from the sum, and applying dz � (∂aℓ/∂z)−1daℓ on Eq. (A.7) gives

∂

∂aℓ

∞

K
k�1

(
ak

bk

)
� (−1)ℓ

ℓ∏

k�1

1
ak


∞

K
j�k

(
a j

b j

)
2 

∞

K
j�ℓ

(
a j

b j

)
−1

� (−1)ℓ−2
ℓ−1∏

k�2

1
ak


∞

K
j�k

(
a j

b j

)
2

1
a1


∞

K
j�1

(
a j

b j

)
2

1
aℓ

∞

K
j�ℓ

(
a j

b j

)

�

1
aℓ

∞

K
j�1

(
a j

b j

) ℓ−1∏

k�2

−
∞

K
j�k

(
a j

b j

)

bk +

∞

K
j�k+1

(
a j

b j

)
∞

K
j�ℓ

(
a j

b j

)

b1 +

∞

K
j�2

(
a j

b j

)

�
1
aℓ

∞

K
j�1

(
a j

b j

) ℓ∏

k�2

−
∞

K
j�k

(
a j

b j

)

bk−1 +

∞

K
j�k

(
a j

b j

) , (A.8)

which is the generalisation of Waadeland’s [16] formula by Levrie and
Bultheel [17]; the original formula follows if bk ≡ 1 and ℓ ≥ 2. Note that if
ℓ � 1, the minus sign cannot be taken inside the (empty) product.
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Next we turn to the opposite case, and set all ak and bk,ℓ constants and
assume that neither bℓ nor dbℓ/dz vanishes. Considering first the finite
case, Eq. (A.7) reduces to

∂

∂bℓ

N

K
k�1

(
ak

bk

)
� (−1)ℓ

ℓ∏

k�1

1
ak


N

K
j�k

(
a j

b j

)
2

. (A.9)

Using the determinant formula [12, Eq. (1.2.10)], we can write

(−1)ℓ−1
ℓ∏

k�1

ak � BℓBℓ−1

[
ℓ

K
k�1

(
ak

bk

)
−
ℓ−1

K
k�1

(
ak

bk

)]
, (A.10)

where the mth canonical denominator Bm is given by the Wallis–Euler
recurrence relation Bm � bmBm−1 + amBm−2 with initial conditions B−1 � 0
and B0 � 1 and satisfies the relation Am/Bm � Km

k�1(ak/bk). On the other
hand, Dudley [18, Corollary 1.10 that also holds in the complex case] has
shown that

∂

∂bℓ

N

K
k�1

(
ak

bk

)
� −

[
ℓ−1

K
k�1

(
ak

bk

)
−

N

K
k�1

(
ak

bk

)]2

Bℓ−1

[
ℓ

K
k�1

(
ak

bk

)
−
ℓ−1

K
k�1

(
ak

bk

)]
Bℓ

. (A.11)

Together Eqs. (A.9)–(A.11) give

ℓ∏

k�1


N

K
j�k

(
a j

b j

)
2

� B2
ℓ−1

[
N

K
k�1

(
ak

bk

)
−
ℓ−1

K
k�1

(
ak

bk

)]2

, (A.12)

which seems to be a new result, though it can be likely obtained inde-
pendently from the basic properties of continued fractions. Using the
Observation above and Theorem 1.11 in [18], we can extend the previous
result:

CONJECTURE. If K∞
k�1(ak/bk) converges in Ĉ,

ℓ∏

k�1


∞

K
j�k

(
a j

b j

)
2

� B2
ℓ−1

[ ∞

K
k�1

(
ak

bk

)
−
ℓ−1

K
k�1

(
ak

bk

)]2

. (A.13)
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We remark that although the derivation leading to Eqs. (A.12) and (A.13)
was based on the assumption of analytic sequences {ak}k≥1 and {bk}k≥1,
this is not necessary for the proposed Conjecture to hold, as we can always
expand K∞

k�1(ak/bk) into a series whose elements are rational functions of
ak and bk [2, Sec. 1.7], and are therefore analytic with respect to aℓ or bℓ for
all ℓ < ∞.

A.3.4 Concluding remarks

Despite its simplicity, the main result of this short note, Theorem 2, has
not apparently been published before: As only intermediate complex ana-
lysis is needed to prove the result, it might have some instructional use
besides being relevant for scientists working in adjacent fields. It should
be noted that in practical applications, ak and bk are typically relatively
simple functions, such as low-degree polynomials or rational functions, so
that the relevant domain for the problem D, D × B(0, RG) ⊆ G, can often
be inferred directly from the context.

The fact that the obtained formula contains the original continued fraction
and its tails yields some useful corollaries: First, for relatively simple ak and
bk the computational cost of numerical evaluation of the analytic expres-
sion [Eq. (A.7)] for the derivative is not much higher than that of the original
continued fraction if a vector containing computed tails/approximants is
updated during each iteration step, and can be lower than that of the eval-
uation of the corresponding finite difference that involves two evaluations
of KN

k�n(ak/bk) at different points. Secondly, the obtained result can be
applied iteratively to calculate higher order derivatives of the finite contin-
ued fraction if needed. However, expressions for these higher derivatives
become increasingly impractical with increasing order, and we make no at-
tempt to present those here; we are unaware of any suitable generalisation
of the Faá di Bruno’s formula that could simplify this treatment.
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